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ABSTRACT
Using Zernike Circle polynomials, a study has been made 
of the mode structure of the diffraction limited open resonator.
Firstly, the mode structure of open resonators,formed by 
mirrors with arbitrary cross-sections but with rotational sym­
metry, have been formulated under the scalar approximations.
The arbitrary mirror surfaces were defined by reference to con- 
focal surfaces, the differences between the two surfaces expressed 
in a distortion function. The mode field distributions on 
the mirror surfaces have been expressed as a series of Zernike 
Circle polynomials for the resonators whose mode structures de­
pend on the diffraction effects of the finite mirror apertures.
The modes of the resonator were then solutions of a highly con­
vergent matrix equation which yielded the coefficients of the 
series, diffraction losses and resonant condition for each mode. 
The resonators with large mirror apertures have been similarly 
formulated by replacing the Zernike Circle polynomials with 
Gaussian Laguerre functions. Resonator configurations, with 
equivalent mode structures, have been defined by relationships 
expressed in terms of the distortion function.
Secondly, the mode structure of the complete range of stable, 
diffraction limited, quadratic resonators have been analysed using 
the Zernike Circle polynomial expansion. The results have been 
compared with those of other workers,who employed different 
techniques, to test the applicability of the expansion to the 
general resonator. The proposed method and those of other 
workers have been compared and the advantages of the Zernike
~3~
Circle polynomial expansion, both in the simplicity of applica­
tion and in the rate of convergence for the dominant and higher 
order modes, has been demonstrated.
Thirdly, the mode structure of the quadratic cavities modi­
fied by phase plates, or dielectric layers partially covering the 
mirror surfaces, has been analysed. Phase plates of varying 
thickness, transparency and area have been analysed for their 
effect on the mode structures of the resonators. It has been 
shown that the presence of the phase plates improve some of the 
properties of the quadratic resonators, and the possible 
practical applications of this simple modification have been 
outlined.
Fourthly, a X-band microwave experiment has been performed 
to confirm the effect of quarter wave plates on the mode structure 
of the confocal resonator.
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NOTATION
The following is à list of symbols and their commonly used 
meanings. Some of the symbols have also been used in various 
sections as parameters in mathematical expressions but such 
limited use is obvious from the context. Certain symbols are 
followed by a list of subscripts when applied to particular 
systems.
F frequency
A wavelength
Ic wavenumber 2ir/X
 ^ transverse co-ordinates in cylindrical system
* )
w spot radius
u) angular frequency ZirF
b axial separation of reflectors
s beam parameter
t thickness of phase plate
1 ■z optical thickness of phase plate (ct^ - l)t
X normalised radial co-ordinate r/a
p radial mode number
& angular mode number
q longitudinal mode number
I unit matrix
proportionality constant of self consistent modes 
fractional diffraction power loss 
6^ fractional coupling power loss
0^ fractional reflection power loss
6 total fractional power loss
a aperture radius of reflectors
“•8“*
d radius of curvature of spherical reflectors
g = (1 -
f aperture radius of phase plate
c normalised aperture radius f/a
velocity of light in free space 3.10® metres/sec 
N fresnel number 2ira^ /bA
Njj fresnel number of phase plates Znf^/bA
Q quality factor
e transit phase path between reflectors
geometric axial transit phase path 2irb/A 
E . additional transit phase associated with transverse modepit
6^(r) the distortion function, confocal reference surfaces
distortion function, plane reference surfaces 
R(r(J>) optical path between points on opposing mirror surfaces
0 the angle between R and the normal to the mirror surface
T fractional power transmitted by phase plate
S transverse mode selectivity
S general transverse mode selectivitypit
H^(x) Hermite polynomial
L®^(x) Generalised Laguerre polynomial
R'^ n(x) circle polynomials of F. Zernike
J^(x) Bessel function of the first kind
U Q (r4>) mode field distribution on mirror surfacepx.
(r) radial mode field distribution on mirror surface
Z (x) normalised radial mode field distribution on mirror surface
designation of mode with transverse mode numbers p ,
& and longitudinal mode number q
V 3.14159
permittivity of free space, l/(4ir. 9.10 3)
ot dielectric constant
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o conductivity
Ô Kronecker deltamn
V voltage
ra. modulation index
G(x) that part of the distortion function due to the phase
plates
Laplacian operator 
S^p(NjX) Hyperspheroidal functions
K^(x) kernel of integral equation
P Ü mcoefficients of mode field expansions
j, matrix elementsts
truncation order of matrix equation
NUMBERING OF SECTIONS. EQUATIONS AND FIGURES
Each section has been specified by a two number indicator. 
Thus, (2.4) indicates the fourth section of Chapter 2. The 
equations of a particular section are specified by a three 
number indicator. Thus, (2.4.6) indicates the sixth equation
of section (2.4). Figures have been specified by a two
number indicator in the order in which they appear. Thus, 
figure (2,3) indicates the third figure of Chapter 2, Append­
ices have been included at the end of the chapters to which they 
relate and are specified by a letter indicator. Thus, appendix 
(2.B) indicates the second appendix of Chapter 2. The equations 
of a particular appendix are specified by (2.B.6) which represents 
the sixth equation of appendix (2.B),
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CHAPTER 1
Introduction to and Aims of the Investigation
1.1 Open Resonators and Beam Guides
Prior to 1958 a particular type of open resonator the Fabry 
Perot étalon, consisting of two parallel plane mirrors facing each 
other, used extensively in the field of interferometry, was ade­
quately described by assuming that the resonant modes which could 
oscillate in the structure were plane waves oscillating along the
axis or at discrete angles from it. With the advent of lasers
1 2  3Dicke , Prokorov , Shawlow and Townes proposed the use of the Fabry
Perot étalon as a resonant cavity for the laser. It then became 
necessary to have a more satisfactory description of the mode 
structure of the open resonator, one which accounted for the dif­
fraction or "spill over" loss at the edges of the mirrors associated 
with the oscillating modes. The diffraction effect of the finite 
mirror apertures is a very important consideration when determin­
ing the form and intensity of the laser output. Fox and Li (1961)^ 
were the first workers to obtain a solution to this problem, using 
the approximate scalar formulation, and since then many types of 
open resonators have been investigated. The results of this 
work have proved to be very useful in the fields of interfero- 
metry Hercher^, and lasers Smith and Sorokin^,
Another important application, Goubau^ is in the field of beam 
guides, that is periodic structures designed to guide an electro­
magnetic field with the minimum of energy loss. This type of guide, 
consisting of periodic phase transformers, figure 1 .1 (c), finds a 
particularly useful application in the optical region with its 
potential signal carrying capacity. Examples of systems of cavities
-11-
and beam guides which are equivalent are shown in figure 1 .1, by 
equivalent is meant they have identical mode structures together 
%fith their accompanying diffraction losses, all other things being 
equal, i.e. the lenses and mirrors being perfect. In figure 1.1(a) 
the Fabry Perot étalon consisting of plane parallel perfectly re­
flecting mirrors with a particular aperture is equivalent to the 
beam guide figure 1 .1(b), consisting of plane parallel perfectly 
absorbing screens with internal apertures of the same size and shape 
as the mirror apertures. A wave launched from one of the mirrors 
will bounce back and forth between the reflectors losing energy due 
to the diffraction spill over at the edges of the mirrors. While in 
the beam guide a wave launched at the plane P^ will experience suc­
cessive diffraction at the screen apertures, with diffraction spill 
over absorbed by the screens, the effects experienced by the wave in 
the two systems being identical. The study of open resonators there­
fore has application in beam guides and laser physics although the 
requirements of the two systems lead to different optimum structures.
1.2 Analysis of Open Resonators Using the Paraxial Ray Approximation
Many of the properties of open resonators and beam guides may be 
determined by approximate approaches wWich ignore the diffraction 
effects of the mirror apertures. The solution of the diffraction 
limited structure is usually difficult and these approximate approaches 
give a useful insight into the properties of the structures, and there­
fore considerably reduces the number of cases necessary to investi­
gate when improvement of particular aspects of open resonators are re- . 
quired.
One such approach is the ray transfer technique, Kogelnik and 
Li^. A 2 X 2 matrix called the ray transfer matrix, figure 1.2
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may be used to characterise the passage of a paraxial ray through 
an optical system. If a paraxial ray enters the optical system 
at an input plane (1) its position in this plane,relative to an 
axis through the optical system, is denoted by x^ and the slope 
of the ray to the normal of the input plane is x^*. After passing 
through the optical system, the ray emerges at an output plane (2), 
its position and slope denoted by x^ and x^*. The input and out­
put co-ordinates of the ray are given by the transformation
^2 A B ^1
^2 * C D ^1 ^
(1.2,1)
The matrix ABCD is known as the paraxial ray transfer matrix for the 
optical system, its elements ^ro independent of the ray co­
ordinates, and its determinate is unity. As an example the ray 
transfer matrix of two elementary optical systems are given in 
figure 1.2, if the two optical systems are combined then the trans­
fer matrix for the complete system is simply the product of the 
matrices for the two separate systems, therefore for the optical
system. A\<—f o 0 al 1 engt h- f,
— -=-p- b ...^5 1
1 ) \/(2 )
the ray transfer matrix is
-I
Beam guides are characterised by a periodic structure, for 
the guide of figure l.ld for example, the optical system which 
is repeated along the guide is enclosed by planes and P^
-15'
the ray transfer matrix for this system, if the guide axis is taken 
as the reference axis, is
2b
b 2b . b2
(1,2.2)
Consider a ray passes through n consecutive intervals of this beam guide, 
then the ray transfer matrix is the matrix in equation (1 .2.2) raised to 
the power of n. This can be evaluated by Sylvester's theorem
A B n 1 A sin n 0 - sin (n - 1)8 B sin n 8
C D
=* — :---Sin 0 C sin n0 D sin n 0 - sin (n - 1)0 (1.2.3)
where cos 8 = ^  (A * D) (1.2.4)
Substituting the matrix elements of equation (1.2,2) into equation 
(1.2,4) gives
cos 8 ..... (1.2.5)
9Pierce's criterion first stated by Pierce in another connection, 
and applied to open resonators by Boyd and Kogelnik^^ is used to 
classify two types of beam guide, or the equivalent open resonators, 
one class being termed stable the other unstable. Stable structures 
obeying the inequality
(1,2.6)
From equation (1,2,6) and equation (1.2.4) it is seen that for stable 
structures cos 8 is a trigonometric function while for unstable 
structures it is hyperbolic. The consequence of this can be seen
Figure(l,5 ) oTlie stability diagram
Unstable regions shaded
(1 -i )
 ^ '/ //F abry ■ Perot^/' /"^ '
/'étalon
.--=a
Confocal
' / /
/ • ■ ■ .Coneen
X
Z
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by inspecting equation (1,2.3) which shows that for unstable structures 
the ray becomes increasingly displaced from the beam guide axis,while 
for stable structures the ray is periodically focussed. The classific­
ation of stable and unstable structures becomes self explanatory if 
the optical elements have finite apertures, the diffraction losses of 
the unstable structures being very large compared with the stable 
structures. If the open resonator is formed by mirrors with quadratic 
phase surfaces, that is spherical mirrors with arbitrary radii of 
curvature, figure 1.1 (c) then from equation (1,2.5) putting 
^1 ^2f^ * *Y* and ^2 “ where d^, d^ are the radius of curvature of the
equivalent open resonator mirrors then Pierce’s criterion can be 
written
0 < (1 - 3^4 (1 - jrO S 1 ...... (1.2.7)1 “2
the open resonator being a stable structure if the inequality (1.2.7)
is obeyed. This leads to a stability diagram figure 1.3 where all
the structures which fall into the shaded region represent resonator
geometries which are expected to have very high diffraction losses
and therefore are of little interest and will not be investigated
11further, although some application has been found Siegman 
for these geometries. It can be seen from figure 1*3 that there are 
certain symmetries in the stability diagram, in Chapter 3 it will be 
shown that in the diffraction limited problem these symmetries are 
retained and may be used to reduce further the number of resonator 
geometries for investigation.
The stability diagram has been extended to deal with other
types of resonators such as those containing inhomogeneous media 
13Kahn . The sharp divisions between the stable and unstable regions 
become . less distinct when the apertures of the components become
"•IB".
small and the diffraction effect of these modify the mode fields,
Mien the mirror apertures become vanishingly small the diffraction 
losses of all cavity geometries become large causing the stable 
regionsof figure 1.3 to completely disappear.
The above approach although useful yields no information on 
the mode fields or the diffraction losses of the structures in 
the stable region, approximate losses of the dominant mode in un­
stable geometries have been determined from paraxial ray techniques 
by Kahn^^.
1.3 Wave Analysis of Open Resonators with Mirrors of Large Aperture
The concept that modes which resonate in a Fabry Perat étalon
are plane waves oscillating along the cavity axis or at discrete
angles from it, cannot in general be true, but if the wave nature of
the modes is taken into account, as is done in the following analysis 
15due to Kogelnik , the true nature of these modes emerges. The follow­
ing analysis will not take into account diffraction effects and is 
therefore applicable to resonators or beam guides.whei-e the apei*titres 
of the mirrors and lenses are large enough to have negligible 
effect on the modes.
It is assumed that a field component u of the propagating or re­
sonating field satisfies the scalar wave equation
V^u + k^u - 0     (1,3.1)
where k * -y is the propagating constant in the medium. Using a 
rectangular co-ordinate system it is assumed that the beam cross 
sectional intensity distribution is not uniform and the phase front 
is slightly curved. If the beam is propagating in the +z direction
-•19“
and the transverse co-ordinates are x and y the field component 
u will be represented by
u « ip(xyz) exp (-jkz)    (1.3.2)
It will be further assumed that ^ is a slowly vary function of z, 
which represents the difference between a plane wave and the beam, 
the second derivative with respect to z, is therefore neglected. 
Putting equation (1.3.2) into equation (1.3.1) with the above assump­
tion yields
i i i + ^ - 2 j k - ^  = 0     (1.3.3)
3x^ 9y^ 9z
In the work by Kogelnik^^ it is shown a solution of equation (1.3.3)
I S
/ 2x  / 2y  - j  [ P  +  2s  +  7^)3t = Hm ( ^ )  Hn ( ^ ) e  ....... (1.3.4)
Wliere Hm (x) is the Hermite polynomial, n and m being integers, and 
w is called the beam radius, where
1 + (_^)^1    (1.3.5)
irw  ^o
The constant w^, called the beam waist, is the smallest value of w, 
and its value is determined by a particular resonator geometry to 
which the solution, equation (1,3.4) is applied. The origin of 
z is taken at the beam waist, s is called the beam parameter, where 
s^ in one plane is related to s^ in another plane by
S2 - Si + z      (1.3 .6)
being the value of the beam parameter at the origin of z, i.e. the 
beam waist, and its value is
“20“
jTTW^
»o " --ï^- ...................
P(z) represents the phase shift and expansion experienced by the field 
component in propagating a distance z from the waist where
j P(z) = log e 11 + (.—  ) “ j (m + n + 1) arc tan (---— )
^ irW  ^ 7TW 2o o
(1.3.8)
the real part of P representing a phase shift difference between the 
beam and an ideal plane wave. In Kogelnik^^ it is shown that equa­
tion (1.3.4) does represent the modes in a laser resonator with the 
parameters,equations (1.3.5) to (1.3.8),characterising the beam 
having particular values for each resonator configuration. As an 
example consider an open resonator formed by equal spherical mirrors 
of radius d and axial spacing b, it is shown that the beam waist is 
at the centre of the cavity and of magnitude
2ïï Jb(2d - b)    (1.3.9)
From the magnitude of the beam waist and its location, the other para­
meters may be determined and the mode field patterns at the plane of 
the mirrors or \âlsewhere in the cavity are given by equation (1.3.4), 
The total phase 0 experienced by the modes propagating from one mirror 
to the next, from equation (1,3.8) is given by
0 = - 2 (m + n + 1) arc tan (—^ — )   (1.3.10)
2ïïw  ^o
If the mode is to resonate, this phase path must be an integer 
multiple of ÏÏ, therefore for resonance
qiT = - 2 (m + n + 1) arc tan (—^ — )   (1.3.11)
27rw  ^o
■21“
Where q is called the longitudinal mode number. Substituting for 
in equation (1.3.11) from equation (1.3.9) gives
qir = - (m + n + 1) arc cos (1 - ■-)..... ......... (1,3.12)
If equation (1.3.1) is solved in a cylindrical co-ordinate system 
with the field component
u - (^r(f>) exp (“jkz) 
the solution will be of the form
$(r*) = ( ^ ) * ’ L (— ) exp P  j (P + i  r2 + 4^)1 (1.3.13)
w ^ — J
the beam parameters in the above equation having the same significance 
as in equations (1.3.4) to (1.3.8) with (r) the generalized
Laguerre polynomial, the transverse mode numbers p and are integers 
with p the radial mode number and Z the angular mode number. The 
solution (1.3.4) Is used for cavities with mirrors of large square 
apertures and the solution equation (1.3.13) used for cavities with 
mirrors of large circular apertures. The resonant condition for 
the modes in a cylindrical open resonator with equal spherical mirrors 
of radius d and spacing b is
qTT = ~ (2p + & + 1) arc cos (1 - )^.... ...... . (1,3.14)
The following conclusions may be drawn from the above approach 
about the general nature of modes which exist in open resonators. 
Firstly the modes in general will not be plane waves but their 
transverse phase and amplitude distributions will depend on two 
mode numbers n and m, called the transverse mode numbers. Secondly 
the propagating phase of the modes and hence their resonating con­
dition will depend on the three mode numbers n, m and q.
“22“
The dominant mode of an open resonator is the transverse mode, 
at a particular value of the longitudinal mode number q,which has 
the lowest diffraction losses. This mode generally being the out­
put of a laser or the surviving mode at the end of a long beam guide 
feed with an arbitrary distribution. The spectrum of the modes 
given by equation (1.3.4) or (1.3.13) shows that for n and m equal 
to zero the transverse distribution of the mode is gaussian with 
the amplitude falling to e ^ of its value at the guide axis a dis­
tance w away from it. For higher order modes, n and m greater 
than zero, the gaussian distribution is modified by the Hermite 
polynomials the number of zeros in the transverse distribution 
being equal to the corresponding mode number, while the transverse 
spread of the mode increases with n and m. With the introduction 
of finite apertures the n = 0 , m = 0 mode is therefore expected to 
have the lowest diffraction losses,due to its field concentration 
compared with the higher order modes, and in practice this is 
generally the case, although the diffraction effects modify the 
gaussian profile. In a large range of practical cavities and 
beam guides this mode is dominant and because of this gaussian beams 
have been rigorously studied and sophisticated techniques developed, 
such as the circle diagrams of Collins^^ and Seifert^^, for the pro­
pagation of gaussian beams through various structures.
1.4 Diffraction Limited Open Resonator : Scalar Formulation of the
Mode Structure
Although the wave analysis of the previous section gave a lot 
of information about the nature of modes which exist in open re­
sonators, in most practical applications the assumption that the 
diffraction losses of the modes, particularly the higher order
-25“
transverse modes, are zero cannot be made. l^ Thile in certain applica­
tions it is required that the diffraction losses, of certain modes, 
be large enough to provide a controlling influence over the system.
The solution of this diffraction limited problem is very dif­
ficult, the most successful approximate formulation is due to Fox 
and Li'^  and is based on scalar diffraction theory. Other approxi­
mate approaches have been tried such as the waveguide techniques of 
Vainstein^^ and Fialkovskii^® and the inverse interference principle 
of Di Francia^^. The advantage of the scalar formulation of Fox 
is its generally applicability to all types of open resonators, as
long as the assumptions of scalar diffraction theory are obeyed 
20Born and Wolf . These assumptions axe readily satisfied by
practical resonator and beam guide configurations, as demonstrated
21theoretically by Specht , and experimentally by numerous workers,
23Kogelnik . The simplifying assumptions of this formulation ares-
(i) The dimensions of the resonator are large compared with 
the wavelength.
(ii) The fields in the resonator are substantially transverse 
electromagnetic and are uniformly polarised in one 
direction,
(iii) The mirror curvatures are small with radii of curvature 
much larger than the wavelength.
It is possible to synthesis other polarization configurations, Fox 
and Li^s by combining two orthogonally polarised modes.
As long as the above assumptions are true the Fresnel-Kirchoff
20formulation of Huygrens principle. Born and Wolf may be involked 
to relate the fields on the surfaces of the two opposing mirrors
■"24“
Fifi'ure( 1 »4) «-Geometry of the diffraction limited open
res onat or
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figure 1.4. It is assumed that the mirrors are perfectly re­
flecting and the cavity is emersed in a homogeneous loss free 
medium which, in the rest of this work, is assumed to be free 
space. Cavities which are rotationally symmetric about their 
axis will be analysed, therefore a cylindrical co-ordinate system 
will be used. Thus the field on the surface of one mirror can 
be given in terms of the field on the other by
|l
'^2 ( ' 2  * 2 )  =  i f  J  J  " 1  ( ' 1  ■f’ x )
0 0
(1.4.1)
(Where a^ is the aperture radius of mirror (1).
Ug (r^ (^2) is the field at the point (r2 the surface of
mirror (2).
^1 (^1 is the field at the point (r^ on the surface of 
mirror (1).
R is the optical path between the points (r^ (tg (|>2) and 8^^ is
the angle R makes with the normal to the mirror surface at point 
(r^ In their formulation of the diffraction limited problem
Fox and Li'' proposed the following definition for the modes. "A 
self consistent field mode of an open resonator is a transverse field 
distribution which reproduces itself in spatial distribution though
Itnot in amplitude as it bounces back and forth between the two mirrors. 
In general it is necessary for the spatial field distribution to re­
produce itself in one round trip of the cavity, a requisite condition 
for resonance, but if the cavity is symmetric about its centre, i.e. 
the mirrors are interchangeable, then the distribution must reproduce 
itself in a single transit of the resonator. The spatial fields 
are reproduced to within a constant of proportiona'^lity which 
contains the diffraction power loss of the mode, due to the finite
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mirror apertures, and the propagating phase which determines the 
resonant condition of the modes. Therefore from this definition 
for a cavity symmetric about its centre
(r<t>) *= YÜ2 (r*) = U (r*)   (1.4.2)
(Hliere U (r#) is the spatial distribution of the mode, and Y is the 
constant of proportionality which is generally complex. Let 
U (r#) be the mode distribution on the mirror surfaces then from 
equations (1.4.2) and (1.4.1)
u  (r^ .(.p =  ^  I  I  U (r^ 4-p (1 + cos 6^) d dr^
o o
(1,4.3)
Equation (1.4.3) is a Fredholm integral equation, the solutions of which, 
are the modes which may exist in the open resonator. In general the 
solution of the equation will depend on two mode numbers Z and p, being 
the transverse mode numbers of section 1.3, Z being associated with the 
angular co-ordinate $ and p with the radial co-ordinate r. The mode 
vectors Up^(r#) giving the transverse distributions of the mode, with 
mode numbers p and A, on the surface of the mirrors and the associated 
eigenvalue Y^„ giving the phase and fractional power loss of the mode 
in a single transit of the resonator 0^, which from equation (1.4.2) 
is given by
5 = 1  i    (1.4.4)
I V ' '
The propagating phase during a single transit of the cavity must be 
on integer multiple of it therefore for resonance
qTT = I angle of Y^ ,^ J   (1.4.5)
-27-
Where q is the longitudinal mode number. Following the work 
of Kogelnik^ the modes will be designated by Using this
formulation reduces the problem of the diffraction limited open 
resonator to the solution of the integral equation (1.4.3), where 
a particular cavity will be characterised by the function
R(ri, rg, b).
For a cavity unsyrametric about its centre the self consistent 
mode definiton requires that the transverse field reproduce itself 
in one round trip of the cavity. If (r^ <{)^) is the field dis­
tribution on the surface of mirror (1), this will produce a field 
distribution on the surface of mirror (2) of (r^ the fields 
being related by the scalar diffraction integral equation (1.4,1) 
therefore
jk
4tt
a^ 2ir
o o
" 1 ('l +1) R
-jk&21
21
( 1 + cos 9g^^) r^ d dr^
Inhere is R (r^ , r^, 4»^ , <|>2 > b )and 8^^^ is the angle between 
Rg]^  and the normal to the surface of the mirror at point (r^ (j)^ .
The distribution on surface of mirror (2) , (r^ 4)^ ) will in turn,
after reflection, produce a distribution (r^ 4)^ ) on the surface of 
mirror (1) which will also be related by the scalar diffraction 
integral, therefore
“ 3 ( ' 3 *3) = ü
a« 2v' 6
(1.4.7)
■23 -
Combining equations (1.4.6) and (1.4.7) and changing the order of 
integration the fields on the surface of mirror (1), after one 
round trip of the cavity may be related by
2n 42 2tt
^32 ^21 (1 4" cos 8_ )^32
0 0  0 0 (1.4.8)
If the field (r^ 4»^ ) and (r^ 4>^ ) are to represent a self con­
sistent mode then
(r 4) ) = Y° (rÿ) = U(r^) (1.4.9)
From equations (1.4,9) and (1,4.8) the integral equation yielding the 
modes of the open resonator unsyrametric about its centre is
ai.2ir_ a2,2ir
"(^3 *3) = Re_- jkR32 jkR2i (3 + ^ os 0„. J32 21
0 0  0 0
(1+ cos Tg dj,^  drg U(r^ *^) r^ d dr^
R32'
(1.4.10)
Where U (r4>) represents the mode field distributions on the surface of 
mirror (1).
The problem of determining the modes in cavities, whether they be 
symmetric about their csntres or not, is in essence the same, they are 
determined from an integral equation (1.4.10) or (1.4.3). In the 
unsyrametric cavities the mode distributions on the surfaces of the two 
mirrors are different but it will be shown that many types of resonator 
geometries are equivalent, equivalent geometries being defined as those
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with the same round trip diffraction losses of the modes, and that 
the field patterns on the mirror surfaces may be simply scaled 
versions of each other. The constant of proportionality in 
equation (1.4.9) will yield the fractional diffraction power loss 
6°^ of the modes per round trip of the cavity as
= 1 - — 4 ...    (1.4.11)
The constant of proportionality Y for the symmetric geometries 
being related to the constant of proportionality for the same geo­
metries but for the bound trip by
“ ?=pa ..............
(While for resonance, the propagating phase during the round trip 
of the cavity must be an integer multiple of 2 tt therefore for re­
sonance
2ïïq angle of Y°pjt (1.4.13)
Generally the transverse mode numbers will determine the dif­
fraction losses of the mode while the longitudinal mode number will 
primarily determine the resonant condition of the modes. One of 
the most important paro-Rîters of the resonator in determining their 
mode structure is the ^resnel number N. For cavities with mirrors 
of equal aperture radius a and separation b the Presnel number is 
given by
«  (1-4-14)
In the literature on open resonators the 27T in equation (1.4.14) is 
sometimes omitted, N is 2?r times the number of ^ resnel zones sub­
tended by one mirror at the centre of the other. In resonators 
with mirrors of differing aperture radii, let these be and a^,
"« 5 0
the presnel number of the cavity is defined as 
2 TT a.a„
M  ---------------------------------    (1.4.15)
1.5 Diffraction Limited Open Resonators ; Optimum Configurations
For Practical Applications
There are an infinite number of open resonator and beam guide 
configurations whose mode structure may be determined, but the pre­
sent practical applications of these configurations provide a 
useful guide to the optimum configurations. One of the aims of 
this work is to improve the performance of existing structures for 
particular practical applications.
In beam guides the optimum structure will give rise to single 
mode propagation with very low diffraction losses and, due to the 
absence of non linear media,the mode structures of a particular 
configuration will usually agree well with theoretical calculations. 
One of the most important structures, which satisfy the above 
criterion, is the confocal configuration, where the guide is formed 
by lenses whose focii coincide at the plane midway between them.
If the guides are to be used for communication their length may be 
of the order of hundreds of kilometers while their lateral dimensions 
will only be of the order of a few centimeters. As an example one 
of the first experimental guides built and designed by Goubau and 
Christian^^ entended over 2 kilometers,had lens spacing of 100 meters, 
it was of the confocal type,and the lat eral extent of the guide 
was only 4 inches. The losses of this guide were only 0,5 dbs 
per kilometer, while the surface quality of the lenses accounted 
for most of this loss. The major problem with beam guides is 
maintaining the alignment of the lenses, with the large spacing
-31-
between them and their small apertures. The accumulative effects 
of the lens misalignments and air turbulence are quite dramatic 
with the mode walking off of the lens surfaces and the dif­
fraction losses increasing to almost 100%. The effect of air 
turbulence may be eliminated by enclosing the guide and partially
evacuating, the amount of evacuation being quite small, of the
25order of 50 mm of mercury, Goubau and Christian . The problem
of lens misalignment is not so easily overcome and is the current
problem occupying research workers in this field. One of the
current techniques is to use a continuous focussing medium as in
the stream guide of Kaiser^^. Another method is to use sensor
and servo systems, sometimes in conjunction with redirectors, to
27provide a continuous alignment of the lenses, Christian , In 
the latter case the design of the guide is of paramount import­
ance as the sensitivity of the propagating mode to lens misalign­
ments will depend largely on the configuration used, for example 
the alignment sensitivity of the guide formed by diffracting 
apertures figure 1.1(b), is an order of magnitude greater than 
a guide of the confocal configuration. The aim of the study, 
to determine the mode structure of particular configurations for 
this application, is therefore to reduce the alignment sensitivity 
and to make the sensing of the beam position, relative to the lens, 
simpler while retaining the single mode low diffraction loss re­
quirement, One of the aims of this studying was to have produced 
a configuration with these properties but this did not prove to 
be possible.
In laser applications the alignment of the open resonator 
mirrors is not of primary importance due to the cavity dimensions 
used, while the alignment may be maintained by rigid supporting 
structures.
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In the laser field the practical application of open re­
sonators may be divided into two categories.
(i) Multimode operation of lasers, where maximum output power is 
required, with the laser operating well above threshold. In this 
type of operation the non linear medium, within the resonator, is 
of oTGridihs’ importance, particularly in the crystal lasers, and 
the modes bear little relation to those calculated on the basis of 
the previous sections. For maximum output power low diffraction 
losses of the modes are required and these can usually be made 
small in relation to other cavity losses such the reflectivity 
of the mirrors. The amplification of the active medium us large 
and therefore the diffraction losses of many transverse modes may 
be overcome producing an overall amplification, while the doppler 
width of the active medium will enclose many possible longitudinal 
resonances, therefore many longitudinal and transverse modes will 
resonate, producing the multimode output of this type of laser 
operation, Smith and Sorokin^,
(ii) Single mode operation where the resonator is designed to 
support only one mode within the doppler width of the active medium. 
This type of operation is employed when the laser output is re­
quired to have spatial coherence, such as in communications where 
the laser may be used as a feed for a beam guide,or in the rota­
tion sensing ring laser, Macek^^, In single mode operation of
the laser it is also required to have an output power as large 
as possible, but it is not possible to go very far above threshold 
for the following reasons. The doppler width of the active 
medium will in general support many modes with different resonant
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frequencies equation (1.4,13). The spectrum of modes in open 
resonators are such that there exists a double infinite set of 
transverse modes for each longitudinal mode number. The modes 
with different longitudinal mode numbers have distinct resonant 
frequencies but similar diffraction losses, while the transverse 
modes have distinct diffraction losses but a high degree of de­
generacy in their resonant frequencies. The distinct frequency 
spacing of the longitudinal resonances can be used to ensure that 
only one value of the longitudinal mode number will appear under 
the doppler width of the medium. This may be achieved by in­
troducing a third partial reflector into the cavity so that this 
mirror, and one of the other cavity mirrors, acts as another open 
resonator with resonant conditions different to the original
cavity. In other words the newly formed interferometer acts as
28a frequency dependent reflector Kumagai , giving a high re­
flectivity to the desired longitudinal mode and low reflectivity 
to the others. By the above method the value of the longitudinal 
mode number may be fixed at a particular value, but there are still 
a double infinite set of possible transverse modes which may res­
onate. The resolving power of the frequency selection system, 
such as the above,not being great enough for the high frequency 
degeneracy of the transverse modes.
In order to ensure that only one of these transverse modes will
resonate the diffraction loss difference between these modes has to 
.29be used Li • If the laser is operating near to threshold it can 
be arranged that only the diffraction losses of the dominant mode 
are low enough for the mode to gain an overall amplification per transit 
of the cavity, leaving the other transverse modes to decay away.
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The total losses of the modes in the laser will have many components 
but only the diffraction loss is mode dependent, e.g. the reflection 
loss of the mirrors will be approximately constant for all the trans­
verse modes. Therefore for this type of operation to succeed the 
diffraction loss of the dominant mode must be of the same order as 
that produced by other loss mechanisms. The output power of the 
single mode operation of lasers is therefore governed by the amount 
of amplification of the active medium which can be allowed before 
the diffraction losses of the second most dominant mode are over­
come. Therefore to obtain the desired increase in output power it 
is necessary to have as large a difference as possible between the 
diffraction losses of the dominait mode and the next most dominant 
transverse mode this leads to a definition of the transverse select­
ivity S of a particular cavity configuration
fractional diffraction power loss of the second most dominantS = transverse mode per cavity transit___________________________fractional diffraction power loss of the dominant transverse mode per cavity transit
(1.5.1)
The diffraction losses mentioned in equation (1.5,1) are those calcu­
lated or measured for the passive resonator, in the absence of the 
active media, and for maximum output power S must be as large as
possible. There are other conditions governing the output power of
30the single mode operation such as mode volume Burch this will be
dealt with in detail in Chapter 4, The effect of the active medium
on the mode structure is not serious, with low gain gas lasers, Fox 
. 31 .and Li , but its presence will modify the modes and one result of this is
32that the amplification of the transverse modes may be different. Bloom
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The higher order modes receiving greater amplification due to their 
greater mode volume, section (1.3). Generally the mode selectivity 
S will be reduced when the active medium is inserted in the cavity, 
therefore it is not sufficient merely to increase the value of S 
for a passive resonator unless the effective value of S in the 
presence of an active medium is also increased.
1.6 Aims and Form of this Investigation
There are an infinite number of open resonators whose mode 
structures may be determined , the most difficult problem being 
that of the diffraction limited cavity. However, the configura­
tions lending themselves to practical applications may be formu­
lated with the scalar formulation of Fox and Lif The solution 
of the resultant integral equation, purely numerically, is ex­
tremely tedious and time consuming. However, the solutions may 
be more readily obtained if the integral equation is processed 
before the numerical techniques are applied. If the techniques 
to achieve this are only applicable over a narrow band of cavity 
configurations, then most of the advantages in the general formu­
lation of the problem are lost. There also seems little point in 
analysing the mode structures of cavities ad hoc with no regard to 
the potential practical applications of these configurations.
With these points in mind the aims of the investigation were
33to develope, with the aid of Zernike Circle polynomials, Chako , 
a method which reduces the labour required to analyse the mode 
structures of the general diffraction limited cavities. Wliile 
applying the method not only to configurations whose mode structures 
are known, for comparison, but also to configurations whose mode
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structures are unknown and likely to be an iaprovement on existing 
cavities.
In Chapter 2 the integral equation for the modes in the confocal
cavity, with mirrors of circular apertures, is solved with the aid
of Zernike Circle polynomials, for cavities of Fresnel number N < 8,
where the fractional diffraction power loss of the dominant mode
-4per cavity transit is greater than 10 • The mode structure of
this cavity is well known but this chapter serves to demonstrate 
the application of the scalar formulation, while the confocal 
cavity is used extensively in practical applications section 1.5.
The configuration also provides an example of the role Zernike 
Circle polynomials play in considerably reducing the amount of 
labour required to analyse the mode structures of diffraction 
limited cavities.
In Chapter 3 the mode structures of a general cavity with 
arbitrary mirror apertures and cross sections is formulated, the 
only restriction in this general cavity is that it be circularly 
symmetric about its axis. The arbitrary mirror cross sections 
are conpared with reference confocal surfaces, the difference 
between the actual mirror surface and the confocal reference 
surfaces being expressed by a distortion function. This dis­
tortion function does not restrict the range of cavities to those 
near to confocal. It does however provide a useful formulation 
if the important properties of the confocal cavity are to be improved. 
Extensive equivalent relationships are developed in terms of the 
distortion function which considerably reduces the number of 
cavity configurations which need to be analysed. The Zernike 
Circle polynomials are then used as a basis for the mode solu­
tions. With this basis the equations are developed to a point
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where the modes are solutions of a highly convergent matrix 
equation, which may be solved numerically easily and with very 
little effort. The method being extremely easy to apply,the 
only knowledge required being the shape of the mirrors.
In Chapter 4 the mode structure of a resonator is analysed 
by the above method, the configuration being a simple modification 
of the confocal cavity consisting of dielectric layers partially 
covering the surfaces of the confocal mirrors. This modification 
leads to an improvement in the properties of the confocal cavity 
which are discussed for possible practical applications.
In Chapter 5 the Zernike Circle polynomial method outlined 
in Chapter 3 is applied over the complete range of cavities with 
quadratic mirror surfaces, to test the assertions made in that 
Chapter concerning the versitility and general applicability of 
the method. The modification of dielectric layers is also 
applied to the quadratic cavities with a resultant improvement in 
their properties.
In Chapter 6 a microwave equivalent experiment is described 
which it is hoped will provide experimental confirmation of the 
results obtained in the proceeding chapters. In Chapter 7 a dis­
cussion will be provided on the conclusions reached in the investi­
gation.
To facilitate an orderly sequence in the development of the 
work, where necessary, the mathematical treatment, if too extensive, 
will be given in appendices at the end of each chapter. Also at 
the end of each chapter a short discussion is provided on the con­
clusions reached within it.
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CHAPTER 2
Mode Analysis of the Confocal Resonator Using Zernike Circle Poly­
nomials
2.1 Introduction
In this chapter the mode structure of the confocal cavity will 
be determined. The cavity with its beam guide analogue is depicted 
in figure 2.1 and is formed by two spherical or paraboloidal mirrors, 
with circular apertures, separated by their common radius of curvature. 
This configuration was first analysed by Fox^ other major contributors 
being Boyd^^, Slepian^^ and Heurtley^^, and its mode structure is 
well known. The cavity has very important properties and is ex­
tensively used in the field of beam guides, lasers and interferometry.
Some of these properties have yet to be improved upon such as the
23insensitivity to mirror misalignments, Kogelnik , the very low mode
; 29diffraction losses, and the high transverse selectivity S, Li
Other perculiarities of the mode structure are the very small volumes
of the modes, a natural consequence of the low diffraction losses as
the mode fields are highly concentrated at the mirror centres, and
the degeneracy in the resonant frequencies of the transverse modes,
while the resonant frequencies are not affected by finite mirror
apertures. In the confocal cavity the radius of curvature d of
the mirrors equals their axial separation b, therefore from equation
(1.3.14) the resonant condition of the modes are governed by the
equation
qir = ^  - (2p + H + 1) 1      (2.1.1)
It can be seen from the above equation that half of all the 
transverse modes will resonate at any given mirror separation. In
Fig:ure( 2*l) oTIie confocal cavity and equivalent 'beam #ulde
Radius of curvature of mirrors
II
The confocal cavit^
^Perfectly absorbing screens
Focal length —  of lenses =; b/2 — Focal lengt of lensesï=b.
Equivalent beam guide
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this chapter the confocal configuration is analysed as it provides 
a useful starting point if these io^ortant properties are to be 
improved, while illustrating the application of the scalar formu­
lation and Zernike Circle Polynomials.
The mode structure is formulated using the scalar formulation 
section 1.4, this yields a homogeneous Fredholm^equation of the 
second kind the solutions of which are the transverse modes of the 
cavity. The kenel of this integral equation may then be expanded 
in terms of the Zernike Circle Polynomials, the radial distribution 
of the transverse modes on the surfaces of the mirrors being ex­
pressed as a highly convergent series of the Zernike Circle Poly­
nomials for cavities of Presnel number N*<8i The coefficients of 
this series and the diffraction losses of the modes are given by 
a matrix equation which may be easily solved by standard numerical 
techniques.
A similar method may be employed for cavities of Fresnel 
number N78 where the kernel is expanded in terms of Laguerre Gaussian 
functions, and the modes are expressed as a highly convergent series 
of these functions. The series becomes more convergent with in­
creasing N until, for infinite mirror apertures, the Laguerre Gaussian 
functions became analytic, as shown in section 1.3. As this method 
has been used for cnnfocal cavities by Gcubau and Schwering^ and 
Beyer and Schelbe^^ it is not proposed to reproduce that work in 
this chapter but the method will be adapted to deal with general 
circularly symmetric cavities in Chapter 3,
2.2 Scalar Formulation
It will be assumed that the mirrors forming the confocal 
cavity figure 2.1 are perfect reflectors and the cavity iscpmersed
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in free space. Using the scalar formulation outlined in section 1.4, 
and initially dealing with the case of equal mirror apertures, then 
the cavity is symmetric about its centre. The integral equation 
(1.4,3) will be solved for the modes whose diffraction loss per 
cavity pass are given by equation (1.4.4), and their resonant con­
dition by equation (1.4.5). Therefore the transverse modes of 
the cavity are given by
a 2tt “jkRe"('2 *2) =-4ir J J 0(ri (1 + cos 8%) d 4%
o o (2.2.1)
Where U(rtf>) is the mode field distributions on the surface of
mirror (1). From the geometry of the cavity figure 2.2 it can be
seen that R the optical path between point (r^  (j)^ )^ on the surface of 
mirror (I) and point (r^ on the surface of mirror (2) is
R - - 2r^ r^ cos ((|)^ - 4)^ )]^    (2.2.2)
where b^ « b - ....... . . . (2.2.3)
If the mirrors are paraboloidal then
Am = m = 1,2 ........... ...... (2,2.4)
Substituting equation (2.2.4) into (2.2.3) gives 
r /  'z'
= b - IST - 13T .................  (2.2.5)
Substituting equation (2.2.5) into equation (2.2.2) gives
p  (r^2 + r,2)2 “I .
R = jb^  + ------ ^ -----2 r^ r^ cos («^  ^- ‘^2^ J   (2.2,6)
“’42“' 
FIGURE(2.2).
-e-
_o
'ci
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Therefore from equation (2.2,6)
.-1» . .-1» , .
with the approximation
(2,2.8)
equation (2,2,7) becomes
jkr-r^
s-jkR . ,-jkb _ /  ” b —  (^1 - ^2) (2,2.9)
The approximation given by equation (2.2*8) known as the parabolic 
approximation does not allow paraboloidal and spherical mirrors to 
be distinguished. Substituting equations (2.2,9) into (2.2.1), the 
integral equation for the modes of the cavity becomes
a 2ïï
"(^2 '<'2) =
jlcr r 
+ — cosU(r^ (f>^) e (<f>l Og)
o o
T "  '' «, * ♦, - ,
If b »  a the inclination factor —  ^\ 1 a 2K D
therefore
a 2n
"('2 ^2) U(r^ 4^) e
+ —  --- cos (4>  ^- *2)
o o
(2.2.10)
Using the Bessel function expansion of the exponent Bickley37
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jx cos (<()- - ~ Ç + “ j&O?
Î  ^ ° 1 3*^ e e ^& ss—00 (x) * 0 0 0 0 (2 « 2 all)
(Wftiere (x) is the Bessel function of order £ and £ is an integer.
krir2Therefore lettingx « — g—  and substituting equation (2.2.11) in­
to equation (2.2.10)
« « 2  *2> - ^ 'PM2lT jA*l
D ( f l  4'],) d  ' i  d r ^ ..... (2.2.12)
It can be seen from equation (2.2.12) that the mode solutions will 
be of the form
U(r^) = e (r) (2.2.13)
where £ becomes the angular mode number ,therefore from equations
(2.2.13) and (2.2.12)
(fz) Y j* * 1 k g-jkb
a kr.r. 1T 1 2j£ L b h  (ZÏ) 4^1-
(2.2.14)
Normalising the above equation by the transformation
'2 *-2 ax^ = r^ ; ^£ (fg) = h  (*2)
Equation (2.2.14) becomes, after the factor  ^  ^e is 
absorbed into the constant of proportionality Y,
1
(Nx^Xg) (%i) dx^ (2 .2.15)
-45'
Ifhere N is the fresnel number of the cavity, equation (1.4.14)* 
The solutions of equation (2.2.15) will yield the mode vectors 
^p£ where p is the radial mode number, and the corresponding
constants of proportionality Y „, the complete expression forpJ6
the transverse modes of the cavity being
V  Zp&    (2.2.16)
where (x(f)) represents the mode distribution on the surfaces of 
the mirrors in terms of the normalised radial co-ordinate x. The 
diffraction power loss of the modes per transit of the cavity are 
given by equation (1.4,4) as
6 = 1 --------------------------------   (2.2.17)
The resonant condition of the modes from equation (1.4.5) taking 
into account the absorbed factor  ^e becomes
qTT = +  (angle of Y^^) ......... (2.2.18)
The importance of the fresnel number N in determining the transverse 
mode structure of the confocal cavity can be seen from equation
(2.2.15). It can be seen that the fresnel number is the only 
quantity which contains the cavity parameters, therefore the modes 
and their losses will depend only on the Fresnel number rather than 
on the mirror aperture radii, their separation b, or the resonant 
wavelength X separately. The integral equation (2.2.15) is a 
homogeneous Fredholm integral equation of the second kind and is 
typical of the integral equations which have to be solved for the
—4^“*
transverse modes of circularly symmetric cavities, formulated with 
the scalar formulation of section 1.4.
Transforming equation (2.2.15) with (x) = Z^ (x) x^ gives
1
(Nx^ x^) (x^) x^^ Xg^ dx^ ... (2.2,19)
o
It can be seen that the kernel of the above integral equation (2.2.19)
is real and symmetric and therefore Hermitian. This property of
the kernel is perculiar to the confocal cavity, for the general
circularly symmetric cavities the kernel is symmetric but not real and
therefore non-Hermitian. Also from equation (2.2.19) it can be seen
that the mode solutions g (x) are reciprocal under the finite
. 38 .Hankel transform, Erdelyi . While the mode solutions of
equation (2.2.19) form an orthogonal set over the interval (0 s 1),
39Hildebrand . therefore
^p£ ^ (x) xdx * 0 unless
the integers m = p      (2.2,20)
Therefore it follows from equations (2.2.20) and (2.2.16) that
1 2tt 1 2tt
I J e j** Z g (x) e^^^^ Z (x) xdc[) dx = p& nn
0 0  0 0
^nin (*4) xd^dx = 0 unless the integers p « mj £ * n .. (2.2.21)
It can be seen from equation (2.2.21) that the transverse modes of the 
cavity form a complete orthogonal set over the interval of x, (0 : 1) 
and the interval of <J>, (0 : 2 tt) ,  and the kernel of the integral
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equation (2.2.15) may be expanded As a series of the mode vectors
V
Consider a confocal cavity formed by mirrors of unequal apertures, 
let the aperture radius of mirror (1) be a^ and of mirror (2) 
the modes of this configuration are given by the round trip equation 
(1.4.10) wlnere from equation (2,2.9)
1 + cos 0 -ikRzi -Ikb — b  ((’l " *2) .2
~  ® TR,21
1 + cos e
32
... (2.2.22)
jkr2^3■■>’'^2 -jkb + -  b—  ( *2 - '^ 2^  .2 e - e e -r—D
... (2.2.23)
substituting equations (2,2.22) and (2.2.23) into equation (1.4.10)
-  ^ 3> = ^ o  f  r  [  f  r
0 0  0 0
+jkrgr^ cos (<^  ^- 4>g)
(2.2.24)
U ’ (ri})) represents the mode fields on the surface of mirror (1) 
Using the Bessel function expansion equation (2.2.11) it may be 
similarly shown that the mode solutions are of the form U ’ (r#) - 
e W®^ (r) and the integral equation (2.2.24) becomes
-48"
-2jkb £ + 1 . 2
(rj) = e (-1) (|) Y
r-
o o
(g '3) ’' 2 "^ '2 (2.2.25)
The round trip equation for the cavity with mirrors of equal aperture 
radius a is simply obtained by puttlqga^ = 82 = a in equation (2,2.25),
therefore
a a
- 2 jkb £ + 1 2 10(rg) - e (-1) (|)
O O
^b *^ 2 ^3) ^2 ^^2 Wj, (rj) r^ dr^ (2,2.26)
Normalizing the radial co-ordinates in equations (2.2.25) and (2.2.26) 
by the transformations
x*j = r^ ; a^ x®2 = ' ^1 ^* 3 “ ^3 equation (2.2.25)
with
('3)
N ka^aa12 b
and
ax  ^= r^ ; axg = r^ I axg = r^ in equation (2.2.26)
with
"a (23) = (*3): (:ï) = %£ (*l)
M - i a i
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and absorbing the factor (—1 ^ e into the constants of
proportionality gives
(*'3) * ^12^ ^ & j  x'2) (^12 ^*2 *'3)
o o
x*2 dx*g^ Z ’^  (x'^) x*^ dx*^ o (2.2.27)
1 _ .1
(X3) » Y J (^*2 ^3  ^^2 ^^2 ]
o o
Z^ (x^> x^ dXj^    (2,2.28)
It can be seen that if = N the integral equations (2.2,27) and 
(2.2,28) are identical therefore the mode solutions and the con­
stants of proportionality must be the same.
M  (") = Î ^°pî= ?'°p&   (2-2-29)
But the mode fields (x) and Y^^^^ are determined from the inte­
gral equation (2.2.15) and equation (1.4,12) which relates the con­
stant of proportionality Y^^ for the single transit of the cavity to 
Y^^p^ for the round trip of the cavity. It follows that it is only 
necessary to deal with mirrors of equal apertures in confocal cavities 
as the round trip losses of the modes for mirrors of unequal apertures 
are the same if
^      (2.2.30)
IJhile the mode fields in normalised radial co-ordinates are the 
same from equation (2.2.29) therefore the field distributions of the 
modes on the surfaces of the mirrors are simply scaled to the mirror 
aperture radii.
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2.3 Reduction of the Integral Equation to a Matrix Equation Using 
Zernike Circle Polynomials
The circle polynomials of Zemike form an orthogonal set over 
the domain (0 ; 1) and it will be shoim that the integral equation
(2.2.15); describing the transverse mode structure of the confocal 
cavity with mirrors of equal aperture, may be reduced to a matrix 
equation with the mode field patterns expressed as a series of the 
polynomials. The Zernike Circle polynomials are represented by 
^n where ^ hako^^
(r) . y  (n - k)_!_______  ^  2kn  ^ ,n + m - 2k\, ,n - m - 2k^, k :k=o  ^ 2  ^ 2
(2.3.1)
n, m, k being integers. These polynomials have proved to be very 
useful in diffraction theory particularly in the Zemike Nijboer 
diffraction theory of aberrations Wijboer^^ and in aperture dif­
fraction patterns, Cornbleet^^, and have been sho^m to be related 
to a wider class of polynomials called the generalized Zernike 
Circle polynomials, Myrick^^.
It is shown in the Appendix (2.A) that the kernel of the inte­
gral equation (2.2.15) may be expressed as a series of Zemike circle 
polynomials, from equation (2.A.1).
NX- Jp (Nx- X,) = I 2 (& * 2t + 1) (-l)t Jt*=o & + 2t * 1
(Nx-) (x_)     (2.3.2) ^ & + 2t ^
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Afhere t is an integer, therefore substituting the expansion, equation
(2.3.2) into the integral equation (2.2.15) gives
«
Z, (a,) = I <  * 2t (%2) • + 2t + 1) ('D* \  jt=o o
J^ + 2t + 1 (^^) (x^) dXj^  ........ (2.3*3)
It can be seen that the mode solutions of equation (2.3.3) may now 
be expressed as
00 1 0 (Xg) ^ ^ ^ 2^ (x^) (& * 2t + 1) ........ (2.3.4)t=o
where the constant coefficients Kj. are given by
4  = 2 (A + 2t + 1)& (-l)C j J, + 2C + i W a p
(x^) dXj^  ....... (2.3.5)
The factor (& + 2t + 1) has been split between equations (2.3.4) and
(2.3.5) for eventual symmetry. Equation (2.3.4) shows that the mode 
field patterns on the surfaces of the mirrors may be expressed as a 
series of Zemike Circle polynomials, the problem now is to determine 
the values of the coefficients of the series as given by equation
(2.3.5). Using the defining equation of the self consistent modes, 
equation (1.4.2), from equation (2.3.4)
Z^ (Xj^ ) = I R* + 2g (x^) (& + 2s + 1)^ ....... (2.3.6)s®o ®
Substituting equation (2.3.6) into (2.3.5)
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a\  Y y 2 (& + 2t + 1)% (& + 2s + 1)2 A" (-l)t fV & ^ s JS-0 o
+ 2t + 1 (^^l) + 2s (*l) ^^1   o. (2.3.7)
Which may be expressed in the form
= Y T B*'   (2.3.8)t ** t S SBs=o
The coefficients given by comparison of equations (2.3.8) and
(2.3.7), are
1
. 2(% + 2t + 1)^ (& + 2s + 1)^ (-l)t I + 2t + 1
o
(Hx) rJ ^ 2s <*)   (2.3.9)
Equation (2.3.8) is a matrix equation the solutions of which yield the 
coefficients A^^  ^of the mode field patterns and the corresponding con* 
stants of proportionality Y^^ where
/  = s" A*'   (2.3.10)
The non trivial solutionsof this equation are such that the determinant 
Hildebrand^^
|B* - JL Ij = 0    (2.3.11)
I
The complete expression for the mode field patterns on the surfaces 
of the mirrors are thus given by
“ “pü W )  = <  4  + 2t <*> (% +
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and the accompanying mode loss and resonant condition by equations 
(2,2.17) and (2.2.18). The matrix elements of will have signi­
ficance in the following expansion of the Bessel function, from 
Appendix (2.B).
00 03 . I
NJ£ (Nxy) I I B^ts 2 (n •}• 2t + 1)^ (n + 2s + 1)^
S“0 t=o
4- 2t + 2s •*... (2.3.12)
x <  1 ; Ou< y ^  1
Substituting this expansion into the integral equation (2.2,19) and 
using the orthogonality relationship of the Zernike Circle poly­
nomials, equation (2.A.3) yields the same matrix equation (2.3.10) 
for the modes.
2.4 Numerical Evaluation of the Mode Structure
The matrix equation (2.3.10) for the modes is to be solved 
numerically, but this is not possible if the matrix is of infinite 
order. Therefore it has to be assumed that the Zernike Circle poly­
nomial series for the modes, or the matrix is convergent and may 
be truncated. Truncating the series after P terms the matrix 
equation (2.3.10) is reduced to one of order P, alternatively 
equation (2.3.12) suggests that the expansion of the Bessel function 
as a series of Zernike circle polynomials may be truncated after 
P terms. It is the value of P, necessary for the mode solutions 
of the matrix equation to have the required accuracy, which will 
determine the labour required to obtain the solution which McCumber^^ 
estimates as proportional to P . The expression for the radial 
mode field patterns become from equation (2.3.4)
«5 4*“
Pi^uref2.5).Fractional diffraction power loss per cavity transit 
of the Tooq mode, versus the ffresnel number N <■
04
0‘0| 001
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N
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Zp& <  k \  ^ (X) (& + 2t + 1)è (2 ,4,1)
The numerical method to be used to solve the matrix equation
will depend on the nature of , It is shown in the Appendix (2.C)
that
(-1) + 2s J* + 2t + 1 “ (-0 *
* % + 2t (*) + 2s + 1 (2,4.2)
An interesting integral relationship which may have some useful 
application in the problem of diffraction pattern synthesis of circular 
apertures, Gornbleet^^, By comparison of equations (2.4.2) and 
(2,3,9) it is seen that the matrix B is real and symmetric and there-
fore the coefficients A^ "^  and the corresponding eigenvalues are
39purely real Hildebrand . Therefore this suggests that the resonant 
condition of the modes are
qw = 2ïïb (2p + & + 1) ^ (2.4.3)
This expression was confirmed by the numerical results and shows
the assertion that half the transverse modes will resonate at any given
Zmirror separation b . As B is real and symmetric the Jacobi diagonalisa- 
tion technique Ralston^^ is used to obtain the numerical solution of 
the matrix equation. The advantage of this technique is that the 
dominant mode and (P - 1) higher order modes, together with their 
eigenvalues, are simultaneously obtained by the method for each value 
of the angular mode number 2. An Elliott 503 computer was programmed 
to solve the matrix equation by this technique. In figure 2.3 the
Figure(2o 4)^Fractional diffraction power loss per cavity transit 
of the Tolq mode,versus the Fresnel number N.
O'
P the order of the matrix 
equation used to calculate 
the losses*
P=s
P ^  40 -0 1 0 * 0 1
O'OOl
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Figure(2 o 5 ).Fractional diffraction power loss per cavity transit 
of the -P^ oq mod e, versus the Fresnel number IF.
P the order of the matrix equation 
used to calculate the losses.
O-OI 0-012 53 6 74 N
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fractional diffraction power loss of the dominant Tooq mode 6^, 
per transit of the cavity, as a function of the Fresnel number W, 
with an increasing number P of terms in the Zernike Circle poly­
nomial series, is plotted. This graph exhibits the highly con­
vergent nature of the Zemike Circle polynomial series for the domin­
ant mode over the range N < 8 , a maximum value of P of only 5 is 
required for an accurate value of the diffraction losses at the 
extreme of this range. As can be seen from this graph this range 
of Fresnel number covers the important practical region where the 
losses of the dominant mode range from 100% to .01%, In cavities 
of larger Fresnel numbers the losses of the mode may be ignored 
compared with other loss mechanisms of the cavity. With the 9 
digit accuracy of the Elliott 503 computer it is not possible to go 
to much larger values of N whatever the method of solution of the 
integral equation (2.2.19) for the modes. To obtain the very 
small values of diffraction loss equation (2,2.17) a prodigious 
accuracy is required in the eigenvalue Y . as an example for N « 8,pJt
the value of = 0.00005 which requires an accuracy in the 6th digit 
of Y -• Coupled with the necessity of greater digital accuracy,px,
the rounding errors due to the oscillatory natures of the Zemike 
Circle polynomials and Bessel function, as P and N increase, rapidly 
accumulate to outstrip the digital accuracy of the computer as K 
goes above 8 .
In figures 2.4, 2.3 and 2.6 the fractional diffraction power loss 
per cavity transit of higher order radial and angular modes, as a 
function of the Fresnel number W, with increasing values of P, are 
plotted. It can be seen from these graphs that the high convergence 
of the Zemike Circle polynomial series for these modes is maintained
Figure (2 *6 ).Fractional diffraction power loss per cavity transit
of the To2q mode,versus the Fresnel number N.
P the order of the matrix 
equation used to calculate 
the losses.
0 -1
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and does not deteriorate. The numerical results show that in the single
limit of N ->• 0 «A/j' Zernike Circle polynomial becomes analytic 5 
35Heurtley , and the distribution of the modes on the surface of 
the mirrors are given by
p^jl “ 6 A + 2p (x)    a (2.4.4)
McCumber^^ has suggested that the modes for the confocal cavity, 
over the same range of Fresnel number N <8 ,be expressed as a power 
series 5 the transverse mode fields on the surface of the mirrors 
given by
U.o (x<j>) = e I x^®  ^   (2.4.5)
8=0 ®
with p the radial mode number and & the angular mode number. The 
integral equation for the modes (2.2.15) is reduced to a matrix 
equation, similar to equation (2.3.10), for the coefficientsof this 
series and the eigenvalues Comparing this method and the
Zernike Circle polynomial expansion a plot of the fractional dif­
fraction power loss 6^ of the dominant Tooq mode, at the Fresnel number 
N - 0,8 X 2tt, as a function of P is plotted in figure 2,7, for the power 
series and the Zemike Circle polynomial expansion. It can be 
seen from this graph that the behaviour of the two expansions are 
quite different, the Zemike Circle pol^momial series converges much 
more rapidly than the power series and this represents a considerable 
saving in the labour required to reach a solution. Moreover it can 
be seen that while the power series is highly oscillatory the 
Zernike Circle polynomial series converges smoothly. A similar plot 
to figure 2.7 is shown in figure 2.8 comparing the expansions for
•=*6 X"*
Fi|S;ure( 2 .?) .Comparison of the convergence properties of Mc_Cuiiiber7 s
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the higher order ÏJioq mode, and it is seen the two methods have 
the same characteristics for this mode. If the equation (2.4.1), 
representing the modes as a series of Zernike Circle polynomials, 
is substituted into the integral equation for the modes (2.2.15), 
it can be seen using the integral relationship equation (2 .Â.2) 
that if
P&
then
P”1
Ü ^ (x(f)) = e 1 (n + 2t + 1)^  R*&+ 2t (x)^ t=o
U I àFj' (n 'h 2t -Î- 1)2 (-l)t
P t=o ^ ^
jl'îhere the coefficients in the two series are identical, there­
fore the mode field patterns may be equally well described by a 
series of Zernike Circle polynomials or Bessel functions. In 
figures 2.9 and 2.10 the radial distributions on the surfaces of 
the mirrors equation (2.4.1) of the Tooq and Toiq modes respectively 
are plotted against the normalised radius, at a Fresnel number of 
N «= 0.8 X 2tt, for various values of P. The field patterns are
normalised such that 
1
J Zp2 (x) Zp^ (x) xdx = 1 ..... ........... (2.4.6)
0
Although of lesser importance, it can be seen that the field patterns 
converge onto their correct distributions as rapidly as their cor­
responding diffraction losses. The convergent values of the dif­
fraction losses of the modes and their field patterns agree with 
those of other workers Fox and Li^, the phase front of the trans­
verse modes coinciding with spherical mirror surfaces.
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2,5 Discussion and Conclusions
The integral equation for the transverse modes of the confocal 
cavity was originally solved ' Fox and Li"^  by numerical iteration.
This technique is analog ous to introducing an arbitrary distribu­
tion into the cavity,which is assumed to contain all the transverse 
modes of a particular angular mode number,and by successive evalua­
tion of the integral equation (2,2.15), the distribution is effect­
ively bounced back and forth between the mirrors until all but the 
most dominant mode have decayed away due to their higher diffraction 
losses. This method is laborious as the integral must be evaluated 
numerically at each reflection, and only the most dominant mode is 
obtained at each value of the angular mode number.
It has been shorn in this Chapter that it is only necessary 
to deal with confocal cavities having mirrors of equal aperture, 
and that the transverse modes of the cavity may be expressed as a 
highly convergent series of Zernike Circle polynomials or Bessel 
functions for cavities of Fresnel number K<8 . The coefficients 
of the series and the diffraction losses of the modes are given by 
a convergent matrix equation which is easily solved by standard 
numerical techniques. The method considerably reducoo the 
amount of labour.required to reach a solution, compared with the 
numerical iteration technique of Fox and Li. The method was com­
pared with the power series expansion for the modes, McCumber, and 
it was shown that the Zernike Circle polynomial provides a better 
basis for the mode expansions. For confocal cavities of Fresnel 
number N78 the modes form a more convergent series, B e y e r i f  
they are expanded in Laguerre Gaussian functions, ei sîo^ Iû' function be»nc| 
analytic at N while the Zemike Circle polynomial (S analytic 
at N ->• 0.
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As mentioned in the introduction to this Chapter the mode 
structure of the confocal cavity is well known and has not there­
fore been fully explored in this Chapter but the configuration has 
provided an example of the use of the Zernike Circle polynomial 
in determining the mode structures of cavities symmetrical about 
their axis and the results obtained agree with those obtained by 
other workers. The integral equation for the modes of the con­
focal cavity has an Hermitian kernel and because of this it can 
be solved by more methods than the general circularly symmetric 
cavity integral equation for the modes, which has a symmetric but 
non Hermitian kernel. Variational techniques so far employed to 
obtain solutions for the non confocal cavity have proved to be 
unsuccessful as shown by Morgan^^, who demonstrated the absence 
Of an extremal property for this type of kernel. The mode 
solutions for the confocal cavity are reciprocal under the finite 
Hankel transform and the functions which possess this property 
have been investigated by Slepian^^ and Heurtley^^, and called 
respectively the Generalized Prolate Spheroidal and Hyperspheroidal 
functions. Many of the properties of these functions have been 
investigated by the two workers one of the properties being that 
the functions become Gaussian Laguerre functions as N *> ooand 
Zernike Circle polynomials as N -»• 0 a result which is confirmed in 
this Chapter,
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APPENDIX 2A
To show that
Nx J (Nxy) = J 2(n + 2t * 1) _ (y) Jn + 2t + 1
^ t-o ^
(Nx) (~l)t 0 < y < 1 .......... (2.A.I)
33The following integral relationships will be used Chako 
1 (H - H)
I R“ (x) (px) xdx = (-1) 2   (2 .A.2)
0
/
j (x) (x) xdx =» 0 if m 76 s ........ . (2.A.3)
o
= 2(m I 'D  if “ = s
where m, n, s are integers and p is a constant with respect to x.
Let
00
Jji (Hxy) = I Cg R" + 2t (?) .............. (2-A-4)t*=0
The coefficient in the expansion being constant with respect to 
yg multiplying both sides of equation (2.A,4) by the Zernike Circle 
polynomial and integrating over the orthogonal interval (0 s 1) of 
the Zernike Circle polynomials,
I 1{ Jk (Nxy) r“ ^ 2e ? ^7 = I «t / '^ n + 2t 
0 0
r“ + 2s (y) yiy ........ (2 .A.5)
from equations (2 .A.2) and (2 .A.3) the integrals in equation (2 .A.5) 
may be evaluated giving
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c, _ \6 Jn + 2s + ICNx) s(-1) ------  = ‘2fn'+"2s“ T f  ............  (2.A.6)
Comparing equations (2.A.4) and (2,A.6) it can be seen that
(Nxy) = I 2(n + 2t + 1) (-1)" r" ^t»o
Jn + 2t + l(Hx)   (2.A.7)
Nx
Therefore equation (2.A.1) is obtained by comparison with equation 
(2.A.7).
-70-
APPENDIX 2B
To show that
“ 1 1 N Jn (Nxy) = 5! I 2(n + 2t + 1)^ (n + 2s + 1)^
t-o s=>o
®ts ' K* + 2t (y) K  + 2s ......
0 < X < 1 ; 0 ^  y < 1
Let
(-l)t (n + 2t + 1)  ^ = y Cg (n + 2s + 1 )^
s*»o
K  H. 2s   (2 -B-2)
where is a constant with respect to x. Multiplying both sides 
of equation (2.B.2) by the Zernike Circle polynomial and integrating 
over its domain of orthogonality (0 ; 1) gives
1
(-1)^ (n * 2t + 1)^ I Jn + 2t + 1 (Nx) r”  ^ (x) dx =J n r A.Wo
1
Cg (n + 2s + 1)^ • I R" + 2s ®h + Zw
....... (2.B.3)
s=o o
where w is an integer. Equations (2 .A,2) and (2 .A,3) may be 
used to evaluate the integrals in equation (2.B.3) where
1
(-l)t (n + 2t + 1)& Jn + 2t + 1 (Nx) „ (x) dx =n T zw
%2(n + 2w + 1)1   (2.B.4)
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therefore
1
Cw (-l)t 2(n + 2w + 1)^ (n + 2t + 1)^ I Jn + 2t + l(Nx)
0
*n + 2« (*) dx   (2.B.5)
Comparing equation (l.B.5) and equation (2.3.9) it is seen that
Cw ^    (2.B.6)tw
Therefore substituting equation (2.B.6) into equation (2.B.2) gives
(-1)^ (n + 2t + 1)^ « I B* g (n + 2s + 1)^
8=0
+ 2s (*) ......  (2.B.7)
but from equation (2 .A.7)
N J (Nxy) = I 2(n + 2t + 1) (-1)^ r" (y)n t=o n zc
Jn + 2t + 1 (Nx) fry r.^  ....... \/L.D.oy
therefore substituting equation (2.B.7) into equation (2.B.8) gives
“ J .1N J^ (Nxy) I I 2(n + 2t + 1)= (n + 2s + I)"" t=o s=o
^n 4- 2t ^n + 2s    * (2*8.9)
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appendix 2C
To show that 
1
(-1) 2s (x) Jn + 2t + 1 (Nx) dx
= (-1) R . o«- (3c) Jn *•’ 2s 4- I (Nx) dx n T zu (2.C.1)
Substituting the integral relationship equation (2.A,2) into the 
left hand side of equation (2.G.1) gives 
1 1J + 2s [ j  + 2t ^
= (-1) ^n + 2s * Jn 4* 2t + 1 (Nx) dx
(2.C.2)
Reversing the order of integration in equation (2.C.2)
Rn  + 2t (y) - By - * n  + 2s '^ n (®*y> * dy
(-i)t R^ + 2s . Jn + 2t 4* 1 (Nx) dx
(2.C.3)
Therefore using the integral relationship (2.A.2)
(-1)' ®h '{• 2t (y) J" 4' 2s + 1 (Ny) dy = (-1)^
Rnh + 2s Jn + 2t + 1 (Nx) dx
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CHAPTER 3
Diffraction Limited Circularly Symétrie Open Resonator 
3*1 Introduction
In this Chapter open resonators formed by mirrors with arbitrary 
cross-sections, but with rotational symmetry about the resonator 
axis, are considered. Using the scalar formulation of Section 
1*4, the modes which may exist in these circularly symmetric con­
figurations are solutions of a Homogeneous Fredholm Integral equa­
tion of the second kind, with a symmetric but non Hermitian kernel* 
Cavities both symmetric and unsymmetric about their centres are 
analysed. It is shown that the integral equation for the modes 
may be reduced to a convergent matrix equation with the aid of 
Zernike Circle polynomials.
The method is similar to that employed in Chapter 2, the 
transverse modes being described by a series of Zemike Circle 
polynomials. The coefficients of the series, and the diffraction 
power loss of the modes, obtained by the numerical solution of the 
matrix equation. The convergence of the Zemike Circle polynomial 
series is the factor determining the usefulness of this expansion^ 
and therefore for the reasons outlined in Chapter 2, the method is 
proposed for cavities of Fresnel number N < 8 .
The expansion of the modes of a confocal cavity as a series
of Gaussian Laguerre functions has been performed by Goubau^ and .
36Beyer , the series being highly convergent for cavities of Fresnel 
number N > 8. In this Chapter it is shown that the Gaussian 
Laguerre functions may also be used as a basis for the modes of 
circularly symmetric cavities with N > 8 .
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It was intended that this investigation would include the 
treatment of cavities unsyrametric about their axes, equivalent 
to mirror tilt, using Zernike Circle polynomials. This was to 
be based upon a paper by Moss^^, the Bessel function kernel of 
the integral equation being replaced by the Loranel Weber functions, 
the Lommel Weber functions enjoying similar integral relationships 
with the Zernike Circle polynomials, this did not however prove 
to be possible.
The Gaussian Laguerre function expansion of the modes is 
compared with another method due to Heurtley^^ and Streifer^^, 
who employed Schmidt expansion theory, Schmidt^^, to determine 
the mode structure of quadratic cavities with Fresnel numbers 
N ^ 25.
In the scalar formulation of the cavity configuration, the 
arbitrary mirror cross-sections are considered as distorted 
spherical mirrors of the confocal configuration. This does not 
limit the range of circularly symmetric cavity geometries which 
may be tackled, but it does provide a useful approach if the 
important properties of confocal resonator are to be improved. 
Equivalent cavity configurations are determined in terms of the 
distortion function and the resultant relationships may be used 
to reduce the number of configurations whose mode structures need 
to be analysed.
3.2 Formulation of the Mode Structure with Confocal Reference
Surfaces
Consider a general type of rotationally symmetric resonator, 
formed with mirrors of arbitrary cross-section and aperture radii.
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as depicted in Fig. 3.1. Using the scalar formulation of 
Section 1.4, the field distribution on the surface of mirror 2 
due to that on mirror 1 is given by the diffraction integral 
equation (1.4.1), where from the geometry of the cavity
R *= + r^^ + - 2r^ r^ cos (3.2,1)
b^ = b -   (3 .2 .2)
The significance of b^, 6  ^and 6  ^ seen from the Fig. 3.1.
The mirror surfaces will be considered as distortions of the re­
ference confocal mirror surfaces where d = b. Let this dis­
tortion be represented by 0  ^ (r^) on mirror 1, where 6  ^ (r^) is 
equal to the difference between the mirror and reference confocal 
surfaces at the point (r^, 0 )^, positive distortion tending to
I Increase the mirror spacing. Correspondingly let 6 (r„) be the.  ^ i
distortion function of mirror 2, where for the general cavity 
<Si(r) ^ «2 (r)'
Therefore from the geometry of the cavity, Fig, 3,1 
2Am '= - 6m (rm) m = 1, 2
Substituting the above equation into equation (3,2,2)
*’l “ ” 2b ~ 2b ’’ *1 * *2 ^'2  ^   (3.2.3)
Substituting equation (3,2,3) into equation (3.2.1)
R = [bf + 2b (6^ (r^) + 6^ (rg)) - 2r^ r^ cos (*^ -
(3.2,4)
M Y 5 “*
Figure( 5 o 1 ) e Tlie general circularly symmetric open, resonator
0)
-P
-7T-
jkr^ra
-jkb -jkDi(ri) + «2(^2a  * b " *2^- j W  = e -- - . e - . e
r,2 + r.2 -,   (3.2.5)
Therefore
+ — c COS (4i, - (ig)
(3.2.6)
-jkR« -jkb -jk[«i(ri) + «2<'23 *• ’■2e e e e
With the approximations
2 b ^(i) «  (~) where am is the average mirror aperture
6 .(r.)2
radius = (
(ii) - «  b i fa 1, 2
The first approximation, the parabolic approximation, was dealt with 
previously in Section 2,2. For the most part the second approxi­
mation is less stringent then the first which can be seen from 
the range of geometries plane parallel to concentric spherical 
mirrors, i.e. cavities with mirrors whose radii of curvature coincide 
at the centre of the cavity. The factor g = (1 - -^ ) ranges from 
- I S I and I 6(r) | Substituting this into the second
condition (ii) shows that it is of the same order as the parabolic 
approximation (i).
} i ‘The cavity.under consideration is unsyrametric about its centre, 
therefore from the mode theory of section 1,4 it is necessary to 
use the round trip definition of self consistent modes, equation 
(1,4, 9)* Where U(r^ 4»^ ) is the mode distribution on the surface 
of mirror (1) giving rise to the same distribution U(rg (J)^) after
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reflection from mirror (2). Therefore following the work of 
Section 1,4 it can be seen from equation (3,2,6) that
jkrir2
(3.2.7)
^ cos (4>^ "" (J)^)
" a  + cos 0 R,,) . 1  e-jkbR32
jkr2rs
(3.2.8)
H— g— ' COS (4)2 " 4>3>
1 + cos 2With the approximation that the inclination factors (-----— — )= ^
Substituting equations (3.2,7) and (3.2,8) into equation (1,4,10) 
gives
U(rg 4>3> =
/ > ■1 : fjke-jkb 2 V VL 2irb J %  . J -ZjkGg (r^)0 o 0 0
+j.^ j.]r.2 cos (4>^  - 4>2> ^ 2  “ V
-jk[Gl(ri) + \('3)]
r^d *2drg
U(r^ 4>j^) e
(3,2.9)
The constant of proportionality is written in the form Y^Yg so that 
the diffraction losses of the mode at the two mirrors may be dis­
tinguished. The fractional diffraction power loss of the mode at
mirror (1) *= 1 ---- —  • The fractional diffraction power loss of
l?i|2
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the mode at mirror (2) = 1  ----- . and the fractional diffraction
IYr I "
power loss of the mode for the round trip of the cavity 6^ is
=  1 -
I V 2 I"
(3.2.10)
The solution of equation (3. 2,9) will give the transverse mode dis­
tributions on the surface of mirror (1), To obtain the correspond­
ing distribution on the surface of mirror (2), it is necessary to 
use the diffraction integral equation (1,4,1) for the single transit 
of the cavity and the known distribution. The cavity is circularly 
symmetric about its axis therefore
U(rO) = (r) e i  (3,2,11)
can be shown to be a solution of equation (3,2,9) using the Bessel 
function expansion
jx cos (4)- - 4>«) ~ _ +jn4> -jn4>„
e = I j e  ^ e  Jn(x) (3.2.12)00
Substituting equations (3.2,11) and (3,2.12) into equation (3,2.9) 
gives
W^(r3) = 'a  * I ?1?2
^  r f2 kr.r
- 0
J, (-P)
kr,r_ -2jkd„(r«)
( - 4 ^ )  « rzdr. . e
'Jk[6^(r^) + 5]^(r^g
intoAbsorbing the factor [j^ ^  ^e
k 2 0 0 ?2 kr.,r kr,r_
W, (r,) = (f) Ï1 Ï2 j J J , ( - ^ )  J, ( - P )
-2jk6 (r )
• • a - , . . ,  (3,2.13)
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6)here the resonant conditionsof the modes from equation (1.4.13) 
are given by
q2n = _ (& + l)TT + (angle of Yg*)   (3.2.14)
A being the angular mode number and q the longitudinal mode number. 
Therefore from equation (3.2*13)
(rg) « Y^^ Y^^ I (r^rg) (r^) r^ dr^ ....  (3.2,15)
0 u2 -jk|6,(r.) + 6 (r.)!
K (fir,) = ^  -D
kr.r- -2jkG-(r.)
(— ^ )  e tg dr^    (3.2.16)
It can be seen that the integral equation for the modes 
equation (3.2.15) is a homogeneous Fredholm equation of the second 
kind with the kernel, given by equation (3.2.16), symmetric 
but non-Hermitian. The solutions of equation (3.2.15) nro re­
presented by Wp^(r), where the transverse mode distributions on 
the surface of mirror (1) are
V q  ° V  (') ...................  <3.2.17)
p being the radial mode number.
As the kernel of equation (3.2.15) is symmetric, it can be 
39shown, Hildebrand that the modes form an orthogonal set over 
the interval (0 :a^), where
j ^j^(r) r dr « 0 if p m  ...... .......... (3.2.18)
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Prom equations (3.2,17) and (3.2.18) it follows that 
a, 2ir
1 1 ^mn rd 4) dr = 0 if p ^ m; A n ... (3.2.19)
0 o
3.3 Reduction of the Integral Equation to a Matrix Equation Using 
Zernike Circle Polynomials
Normalizing the radial co-ordinatoo in equations (3.2.15) and 
(3.2.16) by the transformations r^ = a^ x^; r^ = a^ x^; r^ = a^ x^ 
where (a^ x^) = (x^); (a  ^x^) = (xg) gives
(x^  x^) Z^ (x^) x^ dx^  ....  (3,3.1)
=2)
(«12 Xg x^) . e Xg dxg .....  (3.3,2)
kaiS
With Ni2 the Fresnel number of the cavity. Nig <= — g—  •
It can now be shown that the modal solutions of equation (3.3,1) 
may be expressed as a series of Zernike Circle polynomials, while 
the integral equation is reduced to a matrix equation similar to 
equation (2.3.10). The elements of the matrix jB^  may be given 
by two alternative expressions. From equation (2.A.1)
”12 *2 ®12 *2 X3) = I 2(& + 2t + 1) (-l)tt*»o
». « «. (3.3.3)
*^A + 2t + 1 ^^12 ^2^ " & A + 2t (*3)
Substituting equation (3.3.3) into equation (3.3.2)
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(x^Xg) . % 2 (£ + 2t + 1) (-l)t rJ ^ 2u (*3>t-o
- j k C « l V i )  + «i < V 3 3 n ^2 • . +26 + 1 <^12 *2^
3jl <“l2 *1X2) ®
•ZjkôgCaXg)
dx.
(3.3.4)
Substituting equation (3.3.4) into (3.3,1) it can be seen that
\  (X3) “ ^ + 2 t (*3 ) 9
-jkô^Ca^Xg) ^
(3.3.5)t=0
Where the coefficients are independent of x^, and are given by
1f -jkô-(a-x-)A~^ - Y,~2 (A + 2t + 1) (-1)" «12 j e  ^ Z„(x,) ^ A A,t *1 2 A ''1
Ü ' . + 2t + I ^^12 ^2^ • '^ A (^12 *1*2^ ®
~2jkÔ2(a2X2)
dx 2] ^1 d*l (3*3.6)
Equation (3.3.5) shows that the radial field patterns of the trans­
verse modes may be expressed as a series of Zernike Circle polynomials 
of the form shown in equation (3,3.5). But from the definition of 
the self consistent modes
00
h  (%i) “ I 4  + 2s<*l) ®S*0
-jkSj^(a^x^) (3.3.7)
therefore substituting equation (3.3.7) into (3.3.6) gives
Y^^ 2 (* + 2t + 1) (-l)t i  . j e 3jk«j^ (aj^ Xj^ )
o
^ &+2a <*l) [ *1 2t + 1 <^ 2^*2) S^. ®12 *1 *2^
-2jk«2 (a2X3) 1
dXg Xi dXi (3.3.8)
—8$ —
Equation (3.3.8) may alternatively/expressed in the form.
a /  = Y /  y /  I A %    (3.3.9)s*o
Comparing equation (3.3,9) and (3.3.8) it can be seen that
/  -2jkfi,(a,x.)
^  . 2s
r ( -2jk6-(a2X-)
[_ J + 2t + 1 ^^12 ^2^ * *^ A (^12 *2*1^ ®o
dx^J x^ dx^ ............ (3.3.10)
Equation (3.3.9) can be represented as a matrix equation
A* = Y * Y-* B* A*     (3.3.11)—  1. z —  —
The solution of this matrix equation will yield an infinite set of 
the coefficients A^ , let these be represented by A^^ where p is 
thé radial mode number. The constants of proportionality or 
eigenvalues, corresponding to each set of the coefficient, are 
^pA Each set of the coefficients will yield the field dis­
tribution of a transverse mode of the cavity, via equation (3.3,5),
While the round trip fractional diffraction power loss of the mode j
is given by equation (3.2.10), and its resonant condition by j
equation (3.2.14). For non trivial solutions of the matrix |
equation the determinant
I| = O ..................  (3-3-12) I
1 2 !
AThe elements of the matrix equation (3.3.10) may be ex­
pressed in an alternative form, using equation (2.A.1).
»«8'4-
«12 «I 3, («12 *1 *2) = I "(' * 3v * 1) C-ir J* + 2, + 1v=o
(«12 %l) « a » 2v(=2> (3.3.13)
Substituting equation (3,3.13) into equation (3.3,10) gives
1
CO
B = I (-l)t (-1)^ 2(A + 2t + 1) 2(A + 2v + 1) v=o
„ -2jk6_(a-%2)
^A + 2t + 1 ^^12 *2^ & A + 2v (*2) * ® d%l
,i (3.3.14)
Thus, rearranging equation (3.3,14)
CO
= I 2(«. + 2t + 1) (-l)tv*=o
^  -2jk6 (a X-) „
' « ' * 2v ("2>
1f -2jk6 (a.x.) 
"^ A + 2t + 1 (^12 ^2> ^^ 2^ • 2 (A + 2v + 1) (-1)^ J e
RA + 2s (*l) '^ A + 2v + 1 (^12 ^1^ ^^1 (3.3,15)
Equation (3.3,15) may be written in the form
A _A (3.3.16)
where
A V -2jk6 (a^x^)^vs + 2v + 1) (-1)* j e  1 1 1
*^A + 2v + 1 ^^12 ^1^ ^^1 .... (3.3.17)
A t -Zjkd-Ca-x?) 0. 2(& + 2t + 1) (-1) J e + 2, kg)
*^A + 2t + 1 ^^ 1^2 ^2^ ^%2 .... (3.3.18)
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AIt can be seen from equation (3.3.16) that the matrix ^  may be
A Adetermined by a product of two matrices D and ^  •
B* = D* ............................... ................ (3.3.19)
(Whose elements are given by two similar expressions equations
A(3.3.17) and (3,3,18). The elements of the matrix B given by the 
two possible expressions are important in the expansion of the 
kernel of the integral equation (3.3.2) where
(x-x.) = I I 2.(4 + 2s + 1) B* . e ^ '
t=0 3=0
+jkfi (a,x^) . „
® « 4 + 2t (*3) ■ « 4 + 2s (*%)
If the cavity is symmetric about its centre or if ^^(aiXi) =•
A A^2^^2^2^ then the matrices jD and _C are the same as can be seen 
from equations (3.3,17) and (3.3.18).
However, for cavities symmetric about their centres it 
is not necessary to deal with the round trip equations. It will 
be sho^m in Section 3.6 that many circularly symmetric cavity con­
figurations are equivalent, and by the judicial use of these 
equivalent relationships, a large number of these structures may be 
reduced to ones symmetric about their centres. The single cavity
transit equations are briefly derived below.
The integral equation for the modes of cavities symmetric 
about their centres is given by equation (1.4.3) with U(r$) the 
mode distribution on the surface of either mirror. Let their 
aperture radii be a^ = ag = a and their distortion function 
6^(r) « Ggfr) «= 6(r). Substituting equation (3.2,6) into (1,4.3)
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0(r, *,) = -i -^2---- Y
2ub
a 2iT
e-jkb f c + jkr^tg cos (4)^  - (^ g)
  (3,3.20)
J
-jk6(r^) -jkô(r2> e . e . U(r^ 4:^ ) d4>^  dr^
Using equation (3.2.12) it may be shorn that for circularly symmetric 
cavities
U(r4») » Wj^ (r) e
is a solution of equation (3.3.20) where
a
^  Ç. 4* 1 — ibK If'  e-jkb k ,  J
.... (3.3.21)
W^(ri> r^ dr^
If the radial co-ordinates are normalized, and the factor j^ *  ^e
1-0 2absorbed into Y with (ax) • (x) and N « then
1
(Xg) - N  Y*
-jk[6(ax,) + 6 (ax,)]
J^(NXj^X2> e Z%(%i) dx^
..... (3.3.22)
Using the expansion of the Bessel function as a series of Zernike 
Circle polynomials, equation (3.3.13) and substituting into equation
(3.3.22) it will be seen that the modal solutions will be of the
Aform of equation (3.3.5) with the coefficients A ^ of this expansion 
given by
4 4 - /  -jk6(ax.)
A ^ = Y 2(4 + 2t + 1) (-1)'" J e  J4 + 2t + 1 («*!>
o
Z^(Xi) dx^ (3,3.23)
Therefore substituting equation (3.3.7) into (3.3.23) gives
E A %  .................  (3.3.24)
O O !
—&7—
where
+ 2t + 1) (-l)t ~2jk6(ax,) J* + 2t + 1 (»=l)
+ 2s '**1 ......  (3.3.25)
The equation (3.3.24) may be written as a matrix equation
/  ......................  (3.3.26)
Awith the elements of ^  given by equation (3.3.25). Therefore for
circularly symmetric cavities, which are also symmetric about their
centres, the modes of the cavity are given by a matrix equation
(3.3.26) which is similar to equation (3.3.11) but the matrix 
Aelements of ^  are given by the simplified expression of equation 
(3.3,25). With the transverse mode fields on the surfaces of 
either mirror given by
Up, (x+) = I e-jka(ax) ^ (x) , A f  .. (3.3.27)
s = o
The accompanying fractional diffraction power losses per transit 
of the cavity are
 ^ ...........  (3-3.28)
and the resonant condition of the modes are
qTT « - (A + 1) “  + (angle of Y^*) .. ......... (3.3.29)
Using the Zernike Circle polynomial expansion the problem of 
determining the mode structure of cavities circularly symmetric
about their axis is reduced to the solution of the matrix equation
A(3.3.11). The elements of the matrix ^  given by two possible
expressions, equations (3.3.10) and (3.3.16). The matrix equation
may be solved numerically by standard techniques Bodewig^^,
51Sanderson . The Jacobi diagonalization technique used in
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Chapter 2, cannot however be used as the kernel of the integral 
equation (3.2.16) is non Hermitian. There is however a recent
,52modification of this technique Eberlein which may be used while 
possessing all the advantages of diagonalization.
AAs the matrix is of infinite order, representing an 
infinite Zernike Circle polynomial series for the modes, the 
matrix equation cannot be solved. It is therefore necessary 
to assume that the Zernike Circle polynomial series is con­
vergent and may be truncated after P terms thus reducing the 
Amatrix B to one of order P. Moreover if the matrix equation 
is to be solved with relatively little effort P must be srxiall.
It was found in Chapter 2, where the Éernike Circle polynomial 
expansion was used for the modes withih the confocal cavity, 
that this series was highly convergent for confocal cavities of 
fresnel number N <8, where the maximum value of F required was 5.
It will be assumed here, but proved later by the numerical re­
sults of Chapters4 And that the same criterion will apply to 
circularly symmetric cavities therefore the Zernike Circle poly­
nomial expansion for the modes of the circularly symmetric cavity 
will be highly convergent for cavities of Fresnel number <8.
Within this range of geometries the method is easy to apply, the 
relevant distortion functions being inserted into equation (3.3.10) 
or (3.3.15) and the mode field patterns, diffraction power loss and 
resonant conditions given by equations (3.3.5), (3.2.10) and (3.2.14).
3.4 Reduction of the Integral Equation to a Matrix Equation Using 
Gaussian Laguerre Functions
In this Section the integral equation (3.3.1) for the mode 
structure of circularly symmetric geometries is reduced to a matrix 
equation with the transverse modes expressed as a series of Gaussian
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Laguerre functions. In the confocal cavity it was shown that the 
Zernike Circle polynomial analytic solution! as N + 0 while
0. Gaussian Laguerre functions w«.S analytic at N -> ». The 
Gaussian Laguerre functions are therefore adopted as a basis for 
the modes of the circularly symmetric cavity of Fresnel number 
N >8. Using the expansion of the Bessel function in terms of 
the Gaussian Laguerre functions, Beyer^^.
r l)^t* A A 2 (^2 ^1^J,(Nx^ X2> ^ Vfttr B ,(N*2) 1 t (Nxp e
A• (NXj^ x^ ) (3o4#l)
AWhere t is an integer and L ^(x) is the generalised Laguerre 
53polynomial • Therefore the kernel of the integral equation for 
the modes, equation (3.3*2), becomes after substitution of equation
(3.4.1)
t=0
«12 2 1
(-1)*^  tl T& /W * & 2 *3 f T /-M \"P + t)I t ( 12 3^ 3 ® • j A ( 12 ^1 ^2^
o
y2jk«2(a2X2> ^2) ;  ~  *2 i
... 3.4,2)
but
i.
Zjj(x3> = J (x^Xj) (x^) x^ dx^   (3.4. 3)
Substituting equation (3.4.2) into (3.4.3), the radial distribution 
of the modes on the surface of mirror (1) may be represented by
; _ - j k « i ( a ^ X 3 )  ,4 , 2  4  - ^ . . 3_ ^ 12 _ 2Z4 (X3) = % e  ^ A*’^  L*’p (Nj2*3^) X3*' et=o
......  (3.4.4)
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where the coefficients are given by
^2" 2(Ni2)'
rr^  "2jk6 (a-x,) 0
y  ^4(^12 *1*2) • ® &
^12^2^
A + ^ dx^J x^ dx^ (3.4.5)
It can be seen from equation (3.4.4), that the modes of these 
cavities may be expressed as a series of Gaussian Laguerre functions, 
the form of which is given by this equation. If equation (3.4.4) 
represents a self consistent mode of the structure then
Z4(x , ) =  Ï A / L ^ ( N , , x p x B  "1'
.... (3.4.6)
Substituting equation (3.4,6) into (3.4.5)
4 : Ag (-1)" t! ^A , = I -2--------- Y, Y,~ . 2(N^2)A + 2 ^ s=*o (A + t)J  ^ ^
' ~2jkô^(a^x^)
- ^ X  22 *1
* A^^ 1^2 *1 *2) G
'Zjkôg (agXg)
N- -12 X.:
(«12 *2) » " ^  =2* * ' dx. « + 1 ,Xj^  dx^
.... (3.4.7)
Equation (3.4.7) may be represented in the form
A'
8=0
. (3.4.8)
Comparing equations (3.4.8) and (3.4.7) it is seen that
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' ' [) («,24>
- %  Y
(3.4.9)
Equation (3*4.8) may be represented by the matrix equation
A* = Y_* Y_* B* A*   (3.4.10)—  i z —  —
This matrix,equation, which yields the mode structure of the cavity,
is similar to equation (3*3.11). The solution of the matrix
Aequation will yield an infinite set of the coefficients A^, let 
these be represented by A?^ where p is the radial mode numberi 
and the corresponding eigenvalues ate designated by Y^^. There­
fore each set of coefficients will yield the field distribution of
a mode on the surface of mirror (1) as U „(xÿ) whereP~
U p , W )  = . I A f  x2) . x' .
9 x':   (3.4.11)
While the resonant condition and fractional diffraction power loss 
of the modes are given by equations (3.2.14) and (3.2.10) respect­
ively. The condition for non trivial solutions being that the 
determinant
I /  11 = 0 ............  (3.4.12)Yi Yj
The numerical solution of the matrix equation (3.4.10) is the same 
as that for the Zernike Circle polynomial expansion equation (3.3.11).
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The matrix ^  may be determined by an alternative expression 
to that of equation (314.9). Using the Gaussian Laguerre ex­
pansion of the Bessel function equation (3.4.1) and substituting 
into equation (3.4.9) gives
' “ X  (I ^ r [ r f e r  ' jBts
. e'”^2*2 + 1 dx.
(3.4.13)
Equation (3.4.13) may be expressed in the form
B*ts = Î A v  • C'vs   (3.4.14)
v=o
where by comparison of equations (3.4.14) and (3.4.15) it is seen 
that
1 o.,
vs
o
B*v(«12*l^) e 12 1 + % dx^   (3.4.15)
4 _ (-l)t t: „ 4+lf^ "^3k«2(“2’‘2) .4’’ tv - I i  l— y. «12  ^ e B v®12*2^^
B^t(«12*2^^ e B * 1 dx,   (3.4.16)
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ATherefore the matrix ^  may be obtained by the matrix equation
....................  (3.4.17)
A AInhere the elements of the two matrices D and £  are given by the 
similar expressions, equations (3.4.15) and (3.4.16). This ex­
pansion, in common with the Zernike Circle polynomial expansion
technique,is easy to apply. The mode of a circularly symmetric
Astructure given by the matrix equation (3.4.10) the matrix £  
being obtained from equations (3.4.17) or (3.4.13) after the 
appropriate distortion functions have been inserted.
3.5 Schmidt Expansions
Schmidt expansion techniques have been applied to circularly
symmetric cavities having mirrors with quadratic surfaces, i.e.
spherical surfaces with arbitrary radii of curvature, of Fresnel
number N ^ 25 by Heurtley and Streifer^^. This method will be
compared with that of Section 3.4 and it will be seen that the
resultant equations resemble those of Section 3.4 and yet the
numerical results obtained by the Schmidt expansions compare un-
29favourably with those obtained by Li . The values of the 
fractional diffraction loss for the modes per round trip of the 
cavity being some 70% too large. Due to the similarity of the 
equations with those of Section 3.4 the cause of these errors will 
be investigated.
The Schmidt expansion techniques are based upon the work of 
E.Schmidt^^ and in order to apply this method it is essential to 
use the hyperspheroidal functions. These functions are the 
solutions of the integral equation (2,2.15) for the modes of the 
confocal cavity, and are therefore reciprocal under the finite 
Hankel transform.
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The hyperspheroidal function in the work by Heurtley and 
Streifer^^ are designated by S„ (N, x) and are the solution of/vp
the integral equation for the transverse mode of the confocal 
cavity equation (2.2*13), Comparing the notation with that 
of Chapter (2)
S^p(N, x) « Zp^(x)  *.......   (3.5.1)
the eigenvalues for the modes of the confocal cavity being
.-jpm
Ap yU (N) = ^ ....     (3,5.2)pA
Heurtley^^ also used the scalar formulation of Fox^ with the 
mode structure described by an integral equation similar to 
equation (3.3.1). The formulation was applied to the class of 
open resonators having reflectors with spherical surfaces. The 
integral equation may be generalized by considering the spherical 
mirror surfaces as a particular case of the general mirror sur­
faces considered in this Chapter, Comparing the notation in 
that work with Section 3*4. The transverse distribution of 
the modes on the surface of mirror (1) are
R^p (X) = Zp^(x) ..................  (3.5.3)
with the eigenvalues associated with these modes given by
%  («1%) ° . pA p4, . (3.5.4)
' 1 *2 ''
In the Schmidt expansion technique, it is essential that 
the mode of the cavity be represented by a series of the hyper­
spheroidal functions where
V
  (3.5.5)
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The coefficients A^- and the eigenvalues ^^12  ^ being solutions 
of the matrix equation
^  A'*' - A*’......................... ..................  (3.5.6)
Awhere the matrix M is given by the matrix equation
M / ..................... ................. . (3.5.7)
A£  is a diagonal matrix whose elements are the eigenvalues of the 
modes of the confocal cavity
» = *4% («12) ' n..............................  <3.5.8)
6^ ^  being the delta function where
6 = 0  if m nm n
« 1 if m = n
. A  AThe elements of the matrices £  and £  are given by the equations 
+ j(2ra + A>^ +j(2n + A)^ ^ -2jk6^(a^x^)A
m  n '■ *’12
o
^A n ^^12 ^1^ ^A m ^^12 ^1^ ^1 "^ 1^ (3.5.9)
+J(2m+4)|. +j(2n + £)| -2jkS,(a,x,)
*m a - » « «12 -J "o
®A n ^^12^2^ ^A m ^^12 ^2^ ^2 ^^2..............*...... *
With the Schmidt expansion technique the integral equation for the 
modes, in the circularly symmetric cavity, may be reduced to a 
matrix equation (3.5.6). Where the transverse modes of the 
cavity are described by a series of hyperspheroidal functions.
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The coefficients of the series and the accompanying diffraction 
losses of the modes given by the numerical solution of the matrix 
equation (3.5.6), this being achieved in the same way as out­
lined for the matrix equation of Section 3.4, Where for non­
trivial solutionsof equation (3,5.6) the determinant
“ 0* l| = 0..................... ...........*.......  (3.5.11)
The drawbacks of this method are that to form the matrix
the eigenvalues for the confocal cavity bave to be
accurately known, for each mode number A and p and at the
appropriate Fresnel number The accuracy of these values
determine the accuracy of the eigenvalues a for the modes ofAp
the circularly symmetric cavity. The fractional diffraction 
power loss of the modes, per round trip of the cavity, are given by
«0 = (1 - lOjpp)   (3.5.12)
As mentioned in Chapter 2 for small values of 6^ the required 
accuracy in the value of a may be quite formidable. TheAp
Other drawback of the method is the absence of an explicit express­
ion for the hyperspheroidal functions,but it is possible to express 
the functions as a series of Gaussian Laguerre functions when the
value of the Fresnel number of the cavity is large. Therefore,
47following the work of Heurtley N, mX2
,pA _ 2 I 12"%  («12' «r ® («='"> iTTTTyrL
.... (3,5.13)
oAThe values of b*^ have to be known for each T „ mode of the con- s pAq
focal cavity at the particular! Fresnel number the accuracy
of the coefficients required being the same as the accuracy of 
^Ap ^^12^* However, even if these values may be obtained, to 
this required accuracy, insertion of equation (3.5.13) into the
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equation for the transverse fields and in the equation for the
Amatrix elements of $ and Ÿ, from which the matrix M is obtained, 
leads to rather unwieldy expressions. The transverse field 
patterns on the surface of mirror (1) are obtained by substituting 
equation (3.5.13) into (3.5.5)
. Y > -  ! it«0 8=0
2NL, s: 
fÂ + ‘s)T =1* (*12 =1=) (3,5.14)
A Aand the matrix elements of Y and 0 become
m +j (2m A)j (2n + A)J » »
= « '«12 I I B8=0 V=0
nA , mA bs V
P « i 2  =: ' i P « 1 2  1(A + s)I (A + v):
I f -2jk6^(aj_x^)■ J
^ s(*12*l^^ ^ v(*12*l^) ^1 <^ *1 (3.5.15)
m,n 12 t. s V
8=0 v=o
P«12 «=1 1 2Ni2 V: 1 1(A + s): (A + v):
r -ZjkdgCagXg) -«12 Xg:
^ s(*12*2^) ^ y(*12*2^) ^2 (3.5.16)
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Comparing the above equations with those of Section 3,4 it can 
be seen that although the matrix equation to be solved is similar,
equation (3,5.6) compared with equation (3.4,10), The deter-
0 0mination of the matrix element of M and £  are quite different,
0The matrix £  obtained from equations (3.4,15), (3.4.16) and
(3,4.17)i Compared with the determination of the matrix M 
using equations (3.5.15), (3.5,16) and (3.5,17),
The above limitations of the Schmidt expansion technique 
was largely overcome in the cases evaluated by Heurtley^^, by 
determining the mode structure of cavities with very large 
Fresnel numbers % 25. At these values of the Fresnel 
number the Hyperspheroidal functions may be approximated by a 
single Gaussian Laguerre function. The above equations of the 
Schmidt method then take on the simplified form of the equations 
of Section 3.4 and yet the results they obtained were of poor 
accuracy.
Making the approximation that at large values of the Fresnel 
number > 25 the Hyperspheroidal function may be approximated 
by
®Ap (*12 2*12
pi^
(A + p)î  ^ L^p(«i2 x^) x^   (3,5.17)
Substituting equation (3,5.17) into equations (3.5,9) and (3,5,10)
A Athe elements of matrices Y and $ take the simplified form
.4 _ r 4 m: n:m,n • ® |_(4 + n ) (4 + m):
• ■
(3.5,18)
dXi
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+j(2n + +j(2m + « f  p 4 m.' n.' 1& _ * + 1
* - - “ ® ® 4. n).' + m)«J ”12m,n
(3.5.19)
S,Where the matrix M is given by equation (3.5.7). Comparing 
equations (3.5.18) and (3.5.19) with equations (3.4.15) and
Z(3.4.16), it can be seen that the equation for the matrices 2
£ ■ . £ £ and 2  ate similar to those for the matrices D and C . These
equations can be made to correspond exactly by suitable trans­
formations and this is done in Appendix 3.A. The coefficients 
of the modal expansion in Section 3.4 are transformed such that
2
(& + t) ;
&
Using equation (3.4.17) it is shown in Appendix 3.A that
“ »*£ £"£ , (3.5.20)
I ' r  = a -£ (3.5.21)
Therefore for non trivial solutions the determinant
Ib'V - V l  = ° .................
The elements of the matrices D"j^  and are given by
(3.5.22)
“tv = s
+j(2t + H)^ +j(2v + r  4 t! VÎ [jC£“ + t) .♦ (£ + v)f ‘ * ‘
• / ® l\(N 22X2^) . e2v _ 12*2 _ 2£ + 1 dx.'2 ''"2 
.(3.5.23)
•"100 —
o
•••••• (3*5*24)
It can be seen from equations (3.5.23), (3.5.24), (3.5.18) and
(3.5.19) that
D"^ ^ ^  .... .................. (3.5.25)
C"^ = 2^ ............... . (3.5.26)
Substituting equation (3.5.25) and (3.5.26) into equation (3.5.7) 
gives
/
From equation (3*5.11) the eigenvalues,or constants of proportionality, 
of the modes of the circularly symmetric cavity from the Sclimidt 
theory is given by the determinant
l£'V /  E'V /  - I| = 0............................................  (3.5.27)
But from equation (3.5.22) and (3.5.21) the same eigenvalues are 
given by the method of Section 3.4 where the determinant
12 il • 2  il - I| = 0............... ............. . (3.5.28)
As the eigenvalues of a matrix is the same as the eigenvalues of
39the transpose of the matrix Hildebrand , from equation (3.5.28)
l2"% 2"& - l| = 0....................................  (3.5.29)
The eigenvalues of the modes in the cavity appear to be given by two
different equations namely equations (3.5.29) and (3.5,27). However
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the equation (3,5.29) is derived from Section 3.4 without any
approximations being made. Whereas the equation (3.5.27) is
derived from the Schmidt expansion techniques, with the assumption
that the Hyperspheroidal function may be approximated by à single
Gaussian Laguerre function. It would therefore seem that, when
the Hyperspheroidal functions are approximated by a single
Gaussian Laguerre function, it is also necessary to ignore the
diffraction losses of the modes in the confocal cavity which the
Hyperspheroidal functions represent. In other words the
magnitude of p (N) must be unity in which case equations (3.5.27) Jip
and (3.5.29) are the same. This then would account for the 
erroneous results obtained by Heurtley^^. There is a certain 
logic in this result as the Hyperspheroidal functions are equal to 
Gaussian Laguerre functions only when the value of the Fresnel 
number N is infinity. In other words when the mirror apertures 
of the confocal cavity are infinite, the diffraction losses are 
zero and the magnitude of the proportionality constant unity.
3.6 Diffraction Limited Open Resonator ~ Equivalent Configurations
This section is concerned with cavities circularly symmetric 
about their axis which are equivalent. Equivalent configurations 
being cavity geometries which will have similar mode structures 
while the fractional diffraction loss of the transverse modes per 
round trip of the cavities are the same. Equivalent structures 
provide a useful concept by which the number of cavity configura­
tions whose mode structures need to be determined are greatly 
reduced. The equivalent relationships are determined from the 
integral equation for the modes of the circularly symmetric cavity 
with mirrors of arbitrary cross-section equation (3.3.1) where
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1
Z ^(Xg) J (x^Xg) Z^ (x^) x^ dx^   (3.6,1)
(x^Xg) » e-jk|^_(a.x ) + 6 (a.Xo)] (*12*1*2)
-2jk62(&2*2)Jp (N x«x^) e x„ dx_* 12 ^ j ^ ^   (3.6.2)
Cifcere the transverse mode distributions on the surface of mirror 
(1) in the normalised radial co-ordinate are
-jt*
*p£ (**^ ) “ ® Z& (x)   (3.6.3)
If any two resonator configurations give rise to the same kernel of 
the integral equation for the modes equation (3.6.2) then they will 
have identical diffraction losses defined by equation (3.2.10) and 
the same transverse mode distributions with the normalised radial 
co-ordinate given by equation (3.6.3).
(i) Interchanging the mirrors will not affect the diffraction 
losses of the modes while the transverse mode field distributions 
will be "carried" with the mirrors, the interchange of the mirrors 
simply interchanges the subscripts of equation (3.6.1).
(ii) If one cavity configuration has mirrors whose distortion 
functions are ô^(a^x^); ^2(®2*2) this cavity configuration is 
equivalent to another with mirrors whose distortion functions are
^l(^l*l)* ^2(^2*2)' transverse mode distributions in one,
simply being complex conjugates of the transverse mode distributions 
of the other. The eigenvalues Y2^* are also complex con­
jugates, the diffraction losses of the modes are therefore the same 
for both configurations. This may easily be seen, for if equations
(3.6.1) and (3.6.2) represent the integral equation for the modes
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in one structure then taking the complex conjugate of these 
equations
V  (^(3) “ j  V  (*l) *1 4%i •••• (3.6.4)
where
£ +jk[ô, (a X ) + 5^(a^x^)]
k \ xiX3)* = Ni2% e " • p £  (*12*1x j
+2jka2(a2%2)
. J&(Ml2X2*3) ® %2 ^*2 « * (3.6.5)
It can be seen that equations (3.6.4) and (3.6.5) represent the 
modes in the other cavity configuration where Z^(x) Z^* (x)
and Yg*) (Y^* Y^S*.
(iii) If any cavity configurationsare such that 
d^(a^x^); ^2 (^2*2) the same then they will have equivalent
mode structures for it can be seen that equations (3 .6 ,2) and
(3.6.1) remain invariant with these quantities. If this in­
variance applies, the equivalence holds for the single transit of 
the cavities as well as the round trip,if equation (3.6,1) issplit 
into the two single cavity transit equations of which it is com­
posed then,
£ -jk6-(a.x^) -jkÔ2(a«X2)
Z^(x^) = *1 2 J ® ® "^ £ (*12*2*3) ^£ (*2) *2 ^*2
0 /  -jka (ax) -jk5 (a.Xm)
^ £  ( * 2 )  ^2 *12 J  ®  ®  ^ £ ( * 1 2 * 1 * 2 )  ^ £ ( * 1 )  *1 *^ *1
o
CSîhere Z ’^  (x^) is the radial distribution of the modes on the surface 
of mirror (2). It can be seen from the above equations that they 
will individually remain invariant if
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*1*2 ^ fl*2
bX
*2(*2*2) “ *2 (*2%2)
Q9here the overbat: indicates the configuration of a resonator 
equivalent to the original* Therefore, the diffraction losses 
at each mirror as well as the round trip losses will be the same 
for the two equivalent configurations* The transverse mode field 
patterns are ratioed to the mirror apertures which can be seen 
from equation (3*6.3) as x «
(iv) Considering cavities symmetric about their centres, then 
^1 * ^2 * ë^(r^) ~ Gg^rg) = G(r) and the eigenvalues
= Y^^è The transverse mode field patterns are then the same on
the suriÉaces of the two mirfors and are given by equation (3*3.22). 
The fractional diffraction power losses of the modes per transit 
of the cavity are where
^  ».6.6)
' p£‘
If such a cavity is considered Fig. 3.2(a), then it is obvious
that if this cavity is "folded" in half, by inserting an infinite
plane, perfectly reflecting surface,half way between the mirrors 
Fig. 3.2(b) , that an equivalent cavity to Fig, 3.2(a) is 
formed. The transverse mode distribution on the surface of 
mirror (1) is unchanged and the diffraction loss of the folded 
cavity, per round trip, is the same as the diffraction losses of 
the modes per transit of the complete cavity, figure 3.2(a).
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It is possible to show that the cavity configuration 3.2(c) 
is equivalent to the cavity configuration 3.2(a). Where the 
infinite plane reflecting surface has been reduced to a finite plane 
reflecting sheet of circular aperture,with aperture radius ^  ,
T^ile the aperture of the spherical mirror has been increased to 
infinity. The distortion function is scaled down by a factor 
of ^  and transferred to the plane mirror. This equivalence may 
be shown by following the method of Section 3.2
The cavity of figure 3.2(c) is reproduced in figure 3.3. The 
reference confocal surfaces have radii of curvature ^  as depicted 
in figüte 3.3. The round trip integral equation for the modes of 
this circularly symmetric cavity is given by equation (3.2.15) 
with b = d . (r) is the transverse mode field distribution
on the surface of mirror (1), which is the distorted plane mirror 
surface. If 6^(r^) is the deviation of the surface of mirror (1) 
from a plane surface, then the distortion functions to be inserted 
into equation (3.2.15) from the geometry of the cavity are
r 2
= 2d" +.................. .......................  (3-6.7)
r,:
^ 2 ( V  “ 4d" .......................  (3.6.8)
Substituting equations (3.6.7) and (3.6.8) into equations (3.2.15) 
and (3.2.16) with ag = * gives
9)(r^ ) = Y* j *^ (^^ 1^3) ?! dr^   (3.6.
o
_jk(r^^ + x/) -jkp (r ) + 6 (r,)] 
i V  3d e ^ ./ ( r
1o
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&Where A is the angular mode number, Y represents the constant 
of proportionality for the round trip of the cavity and 
|j* *  ^g"jkd|2 been absorbed into Using the integral
relationship Erdelyi ^
2 ^ ^2
f j^ (a x )  Jj^(bx) xdx « ^  e ( " ] ) *  *  ^ J%(^)
(3.6.11)
where v, a, b are constants, if
k >“ 3^ ° IS ’ 5 •>=— 5 2^ = K
then substituting these transformations into equation (3.6.11) gives 
“ id *^ 2^  , ,^ *1^ 2. , ,^ 3^^ 2x  ^ 1 df ~ T 2   
o
+ H  ke   (3.6.12)
Substituting equation (3.6.12) into equation (3.6.10)
« " ' W  - 1 <-j>‘ “  • v , >
(3.6.13)
Therefore from equation (3.6.9) the integral equation for the modes 
in this cavity is given by
(rj) dr^   (3.6.14)
Normalizing the radial co-ordinates of mirror (1) by the transformations 
r^ ® ^1^3* ^1 ^ ^1^1* ^^1^3^ ** s^, ^^3^* (&^%^) 2^ (x^)
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ka 2and ^—  gives from equation (3.6.14)
& + 1 A /  -jkp (a X ) + â (a X )]
Z^tcg) = ("j) - Y jz^ (x^ ) (N^XiX,) e
. x^ dxj^   (3.6.15)
t. o a ^ 0If d = —  and a, = -y? then N = -4—  « N the factor absorbed into2 ^1^72 " T
was l(j) e . Absorbing the additional factor (-j)^  ^^
into Y^ gives the total factor absorbed as j(j)^ ^  ^e and
equation (3.6.15) becomes
I -  j k p ,  ( ^  X . )  +  6 ( ^  X  )]Z^Cc^) = Y% N J Z^(x^) (Nx^x^) e 1 / 2  1 1/2 3
X]dx^    (3.6.16)
Where Z^(x) represents the field on the surface of mirror (1) .
However, for the cavity configurations of figure 3.2(a) the modes 
are given by the integral equation (3.3.22) where N « and a is 
the aperture radius of the mirrors therefore
0 /  ~jk[6 (ax.) + 6. (ax»)]Zj^ (Xg) « NY J J%(NXiX2) e  ^  ^ Z^ (Xj^ ) x^dx^
(3.6.17)
As the cavity 3.2(a) is symmetric about its centre then Z^(x) re­
presents the modal fields on the surface of either mirror. With 
the constant of proportionality for a single transit of the 
cavity, containing the factor [j* *  ^ . Therefore comparing
the integral equations, for the mode structure of the cavity 
figure 3.2(a), equation (3.6*16), and for the cavity figure 3.2(c),
—H O  —
It can be seen that if 6^(ax) = 6^  ^ (-^ x) , the equations are the 
same and therefore the two structures are equivalent. In other 
words the distortion function of mirror (1) in cavity, figure 3.2(a), 
is scaled down with the aperture by a factor ^  and transferred to 
the plane mirror (1) of cavity figure 3.2(c). The diffraction 
losses of the modes in 3.2(a) per cavity transit being the same as 
for the modes in the cavity of 3.2(c), per round trip. While the 
mode field patterns on the surface of the mirrors in cavity 3.2(a) 
Z^(x), is the same as the mode field patterns on mirror (1) in the 
cavity of figure 3.2(c) in the normalised radial co-ordinates.
3.7 Axial Distribution of Modo Fields
If the field pattern of a transverse mode of an open resonator 
is known on the surfaces of the mirrors then the corresponding 
field pattern of this mode at any particular plane within the 
cavity may be simply determined from the scalar diffraction integral 
equation (1.4.1).
Consider the circularly symmetric cavity of the type consid­
ered in this Chapter which is also symmetric about its centre, 
the mirror contours being described by the distortion function 
6(r), figure 3.4(a). The field pattern of a transverse mode of 
the cavity which is propagating in the + z direction will be de­
termined at plane (1) which is perpendicular to the cavity axis. 
Whatever the field distribution of the mode is on plane (1) it 
must give rise, via the scalar diffraction integral, to the known 
distribution on the surface of mirror (2).
.Radius of curvature b
oo
——^ 2
5.4(a)
—  Radius of curvature b
  1___Transverse .extent of modes
w.
b/2
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Let ij>^) be the transverse distribution of the mode
plane (I) and (I'g) be the transverse distribution
of the mode Tpj^ q on the surface of mirror (2), the two distributions
being related by equation (1,4.1) with the optical distance R separ­
ating the points (r^ and (r^ *2) from the geometry of the
cavity, ignoring second order terms, given by
'2  ^ z '1^ 'l’^2R a a + .gg- (1 - ^ 0 + 2^  " — ^  cos (4»^  - 4*2) GCtg)
........  (3.7.1)
z being the axial separation of the plane (1) and mirror (2), The 
cavity is circularly symmetric and therefore of the
form of equation (3.2.11) and using the Bessel function expansion
^^^1^2 cos (4>j^ - 4*2) it can be shown that ^^(r^ 4"^ ) ise :
also of the same form.
^1 p&(^l ^1^ “ ^1 p&(^l) G  ^ *1   (3.7.2)
^2 p& ^^2 *2^ “ '^ 2 p&(^2) G  ^ *2  (3.7.3)
The scalar diffraction integral relating the radial distribution 
Wp^(r) on the two surfaces becomes
.  ^+ 1 ke-jk% r k -jk6(r )
^2 p&(^2) (j) V  j '^1 p&(^l) ^1^2^ ®
o
e ' e drj   (3.7.4)
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It will be convenient to describe the field patterns within the 
cavity in terms of Gaussian Laguerre function as these are 
orthogonal over the itifinite plane. Let the modal fields at 
this plane be described by a series of Gaussian Laguerre functions 
where
kr^2 jkr^Z
t=o t
(3.7.5)
is a constant and B «
/
and the cohstant is given by the expression
A  + 1
Kg = (-1)^ (|)^ e'Jkz (j) n A + 1
b(2z - b) “ 2jz(b - z bB (3.7.6)
Therefore from equations (3.7.5) and (3.7.4)
+ 1 ke“^^^ " ^
«2 p*(f2) “ - Li ■ •
jkr
jkr^^
fl'2) ' d?! (3.7.7)
But from Erdelyi^* it is shown that
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I X* + 1 L\(ax2)J.Cxy)dx = + t + 1
y e t ^4B(a - 3)^ (3.7.8)
if real part of 6 > O 5 & > 0
Therefore comparing equations (3.7.7) and (3.7.8) with the trans­
formations
Therefore in equation (3.7.8)
i  - ii p 25 2 I.(2z_Z_b) _ iBb Z
_ ayZ .. kf2'48(a - py b
( 6 - a ) ^  _ ' _ - v t  -Bzvii + 1 1
2% + 1  g* + t + 1 ' [, + j (b _ , ) Y  * 1
b(2z - b) - 2jz(b - z)
bB
Substituting for the above in equation (3.7.8) gives 
-v 2r" r  Pi. - ikTd ^  ~ b  - — fl
= (-1)* (^)  i  Pj (b - zX]^ * ^ L
b(2z - b) - 2jz (b - z) 
bB
kr«^ - jkr, ^
. (|)^  r/ a" t'' b ... (3.7.9)
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Therefore comparing equations (3.7.7) and (3.7.9) it can be seen 
that
|z + j(b - zg A + 1 ' 'z. yrr/ •
b(2z - b) - 2jz(b - zbB > ] '.
A ktgZ -jkô(r2)
kr2^
“IT*If ^ (■ ) . e  » e  ....... (3.7 à 10)
Substituting for in equation (3.7.10) from equation (3.7.6) gives
kr2^
«2 p/'2) = I  «t (# '2')^ (y '2')
......  (3.7.11)
Competing equations (3.7.11) and (3.4.6), with the radial co-ordinate
normalized by the transformations ~  « x, for the cavity symmetric
. ka^about Its centre ^ ^ and = N « —g— . It can be seen
that equation (3.7.11) may represent the mode field patterns on the 
surface of the mirrors with a particular transverse mode character­
ised by the set of coefficients In other words if the mode
field patterns on the surface of mirror (2) are represented by
"a p/'a) = J S  'a')^ '2')
(3.7.12)
then the mode field pattern at any plane a distance z away from this 
mirror will be given by (3.7.5) as
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jkr ^
-  - 35 - B)
A
l\ ( |  r^2) . (| rj^ 2)2 ...........  (3.7.13)
singleFor the confocal cavity without phase plates a ^ Gaussian
Laguerre function Is analytic,equation (3.5.17), if the mirror
apertures are very large. The transverse distributions of the 
modes on the surfaces of the mirrors in such a cavity can be re­
presented by a single Gaussian Laguerre function where
kr 22 A
°2 p&('2 *2) = ® <1 '2*)^ ^ *p4; ?2^) •
.........  (3.7.14)
is a constant and the radial distribution is given by
A
^2 pA^^Z ‘^2^  Gp e (—  rgZ) L p %  ^2 ^^  ..... (3.7.15)
Therefore comparing equation (3.7.15) with (3.7.12) it is seen that 
=* 0 when t f p. Therefore the modal field at any plane (1) 
a distance z from the mirror is from equation (3.7.13).
(3.7.16)
Comparing equations (3.7.16) and (3.7.15) it is seen that the modal 
field patterns at the reference surfaces within the cavity are 
simply scaled versions of those on the surfaces of the mirrors,the
■ -117-
scale factor being Boyd and Gordon^^ while at the reference
plane (1) the mode has a spherical phase front of radius d *, 
which from equation (3.7.16) is
...........   a.....  (3.7.17)(2z - b)
The equation for the mode fields contains an exponential, 
equation (3,7.14), and the spot size w is defined as the distance 
from the cavity axis where this term falls to e  ^and w is there­
fore a measure of the transverse extent of the modes. From 
equation (3.7.16) the transverse extent of the mode at plane (1) 
in the confocal cavity is given by the spot size at this plane 
which is
(3.7.18)
In figure 3.4(b) the transverse extent of the modes in the confocal 
resonator is indicated by the dashed curves, the minimum extent of 
the modes occurring at the centre plane of the cavity where z = ^  
The ratio of the spot size w^jat the mirrors and w^, at the 
centre plane is
^2 — /2 ........................ (3.7.19)1
3.8 Discussion and Conclusions
The modes of circularly symmetric cavities have been formulated 
with the scalar formulation of Section 1.4, the surfaces of the 
mirrors being referred to the spherical mirror surfaces of a con­
focal cavity. The modes of the cavity were then the solutions of a
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homogeneous Fredholm integral equation of the second kind with a 
symmetric but non Hermitian kernel, Tliis integral equation is 
solvable by the numerical technique of Fox and Li^ which, although 
a lengthy process, has great versatility and may be applied to any 
of these cavity configurations.
An alternative method of solution has been proposed in this
jjChapter which has a similar versatility and is extremely simple to 
apply while the effort required to reach a solution is con­
siderably reduced. The proposed method describes the modes of 
the cavity as a series of Zernike Circle polynomials for the im­
portant region, where the Fresnel number of the cavity 8
and the diffraction effects of the mirror apertures are significant.
To maintain the convergence of the expansion at greater values of 
Fresnel numbers Nj^ 2 ^  it was proposed that the Zernike Circle poly­
nomials be replaced by the Gaussian Laguerre functions.
The coefficients of these series and the diffraction losses of 
the modes are given by a matrix equation. If the series of the 
functions describing the modes are highly convergent then the 
matrix equation may be easily solved by standard numerical techniques.
The Schmidt expansion technique of Heurtley^^ has been com­
pared with the above method and it has been demonstrated that the 
proposed method has two distinct advantages. The expressions for 
the matrix equations and modal fields are considerably simplified, 
while no knowledge of the modal solutions of the confocal cavity 
are required, these modal solutions not being available to the 
required accuracy. The Schmidt expansion technique when applied 
to the quadratic cavities by Heurtley^^, was restricted to a narrow
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range of cavities, which overcame some of these disadvantages,but 
the results were in poor agreement with those of other workers.
Due to the similarities of the resultant equations, with those 
in this work, the possible cause of this inaccuracy was investi­
gated and found to be due to incomplete approximations made by 
Heurtley^^ in reducing the complexity of the equations.
Variational techniques potentially as versatile have been
applied to non-confocal cavities by several workers^^. These
methods have been shown to be invalid by Morgan^^ due to the
nature of the kernel in the integral equation for the modes of
non-confocal cavities. These kernels are symmetric but non-
Hermitian and Morgan demonstrated the absence of an extremal
principle for this class of kernel. The existence of modal
56solutions has been discussed by Cochran who shows that at 
least one eigenvalue exists if the trace of the kernel does not 
vanish and as the kernel depends on the Fresnel number of the 
cavity, this condition is met almost everyifhere, Heurtley^^.
Equivalent relationships for the general circularly symmetric 
cavities have been investigated, and developed in terms of the 
distortion function. With the judicial use of these relationships 
the number of structures which need to be analysed may be con­
siderably reduced. The mode structures of open resonators and 
beam guides are equivalent, as demonstrated in Chapter 1, the 
above method may therefore be applied to circularly symmetric 
beam guides,
The convergence properties of the Zernike Circle polynomial 
expansion for the modes are tested in later Chapters over a wide
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range of circularly syimaetric cavities and are found to be at 
least as good as those for the confocal cavity. The con­
vergence properties of the Laguerre Gaussian function expansion 
for the modes are not tested in this work. However, since the 
Hyperspheroidal functions are a highly convergent series of the 
Laguerre Gaussian functions, for cavities of Fresnel number 
^12 can be assumed that the expansion will have sub­
stantially the same convergence properties as the Schmidt ex­
pansion technique of Heurtley^^.
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APPENDIX 3.A
In Section 3.4 it is shown that the transverse modes of a 
circularly symmetric cavity may be described by a series of 
Gaussian Laguerre functions, equation (3,4.6). The coefficients 
of this expansion and the constant of proportionality for the 
modes per round trip of the cavity given by the matrix, equation
(3.4.10), where
Yg* B* A*   (3.A.1)
The matrix is given by the matrix equation (3.4.17)
= D^   (3.A.2)
Writing equation (3.A.1) in the form of equation (3.4.8)
<  = V  b '  X  "ts <    (B.A.3)
Let
ÏÏ
(n + 1)!
2Ni2 t! (3.A.4)
Applying the transformation equation (3.A.4) to equation (3.A.3)
A Aleaving the value of invariant gives
®tss«=o
+ j(2s + )l)| f2N s n j
• y h n i   (3-A.5)
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Let
- j(2t - 2s)| r 3 , + t)T]
• ® brr-sjr — n — j
• • • e (3 .A,6)
Comparing equations (3.A,6) and (3.A.5) it can be seen that
A-' ifrA 8=0
b »«ats A"s (3.A.7)
Using equation (3.5,4) which relates the constant of proportionality 
of Section 3.4 to that of the work by Heurtley^^ gives
%  s=o't®I  Kt (3.A.8)
From equation (3.A.2) and equation (3 .A.6)
2s)-^  +jnA e r s! (A + t)nL(A"+“ 8iT • t J
  (3.A.9)
Let
A
= «  = Jv«=o (3.A.10)
Comparing equations (3.A.9) and (3.A.10) it can be seen that
D" IjE j l JèII - - ,71tv L bT (A + v) ij
..... (3 .A. 11)
vs
..... (3.A.12)
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Therefore from the equations defining the matrix elements 
and equations (3,4,15) and (3.4.16) it can be seen that
r 4sl VÎ h JJvs |_(£ + s) I (A + v) ÎJV ! _ 1 J + 1 3+ + ^>4
“ ^12 ^1^  2A + 1
® ^1 ^^1   (3.A.13)
+ j(2v + )l)| /  - ZjkG (a X ) ^
e . J e  L t(Ni2%2 ) ^ v^^lZ^Z ^
o
e  ^ Xg2* *  ^dXg ....  (3 .A. 14)
Therefore the modes of a circularly symmetric cavity may be de­
termined from the matrix equation, equation (3.A,8), where
A"*^  = B"'^  A"'^  .......... ........ (3.A.15)
the elements of matrix B" being obtained from equations(3. A,10), 
(3.A.13) and (3,A.14). The modes of the cavity will still be ex­
pressed by a series of Gaussian Laguerre functions but with the 
transformation equation (3.A,4) applied to equation (3.4.6). The 
above transformations have left the constant of proportionality for 
the modes invariant,from equation (3.A.10) it is seen that
B'*A = D"A ,....................... ..................  (3 .A.16)
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CHAPTER 4
The Confocal Cavity Containing Phase Plates
4.1 Introduction
The mode structure of the open resonator, depicted in figure
4.1 together with its beam guide analogue, will be determined in 
this Chapter. The resonator as can be seen is symmetric both 
rotationally about its axis and about its centre, mirrors of unequal 
apertures will be dealt with in the equivalent section of this 
Chapter. The resonator is a modification of the confocal re­
sonator, analysed in Chapter 2, such that a dielectric layer, of 
constant thickness t and dielectric constant a where (all)t *= z,
is deposited at the outer edge of the mirrors, perfectly trans­
mitting and partially opaque layers will be considered.
The mode structure of this cavity will be formulated, with the 
scalar formulation of section 1.4, and the resultant integral 
equation solved with the aid of Zemike Circle polynomials, as 
outlined in section 3.3 for cavities of Fresnel number N <8. Tlie 
mode structure will be compared with that of the unmodified con­
focal cavity and it will be shoim that certain of its properties 
have been improved. The convergence properties of the Zernike 
Circle polynomial expansion for the modes ifill be investigated and 
finally the practical applications of the structure to make use of 
its improved properties will be discussed.
4.2 Formulation of the Mode Structure Using Zernike Circle 
Polynomials
The mode structure of the modified confocal cavity, depicted 
in figure 4.1, will be formulated for a pefectly transparent
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dielectric layer of arbitary thickness t and dielectric constant 
a. The dielectric layer or phase plate may be considered as a 
distortion of the spherical mirrors of the confocal cavity. The 
dielectric layers produce an additional optical path length of z, 
where z = (a^  - l)t, at the outer edges of the mirrors. Instead of 
producing this modification of the confocal cavity with phase plates 
mirrors having stepped cross-sections, figure 4.1, may be used, the 
width of the step being z. Therefore this cavity may be considered 
as a particular type of the general circularly symmetric cavities 
investigated in Chapter 3, with the distortion functions for the 
cavity symmetric about its centre as
(S^ (r) = GgXr) - <5(r)    (4.2,1)
6(r) = z when a ^  r > f .......... . (4,2.2)
= 0 when f >, r >, 0
where f is the inside aperture radius of the phase plates. The dif­
fraction effect of the dielectric layer is considered but the scat­
tering effect of the edges of the layer will be neglected. The 
modes of this cavity may be formulated by the scalar formulation of 
section 1.4, as demonstrated in Chapter 3, with the approximations 
that
«2 u 2
<< (5)   (4.2.3)
(ÆCr))^ «  b    (4.2.4)
Equation (4.2.3) being the parabolic approximation, while if the 
additional optical path z produced by the phase plates is of the 
order of X, equation (4,2.4) becomes
X «  b   (4.2.5)
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It can be seen from equation (4.2.5) that the second approximation 
falls within the original assumption of the scalar formulation, that 
the cavity dimensions be large compared with the wavelength.
In section 3.3. it is shorn that the modes of the cavity 
symmetric about its centre can be represented by
Up^Cx*) = e~J*4 Zp&(x) .................  (4.2.6)
Where Ü .(xÿ) are the transverse mode distributions on the surface px,
of either mirror (1) or mirror (2), p is the radial mode number 
and A the angular mode number with, x = the normalized radial 
co-ordinatei The radial mode distributions Zp^(x) are given by 
the solution of the homogeneous integral equation of the second 
kind equation (3.3.22) where
/  -jk[d(ax.) + <5 (ax,)](Xg) = NY% j (Nx^Xg) e (x^)x^dx^
o
(4.2.7)
With N the Fresnel number of the cavity, N = • If c = ^ then
from equation (4.2.2)
0(ax) = z when 1 x > c ........... ...... (4.2.8)
= 0 c ^ X  ^ 0
The fractional diffraction power loss of the modes per transit of 
the cavity are given by equation (3.3.28), and the resonant condition 
of the modes by equation (3,3.29).
Using a series expansion of the radial mode function, in terms 
of Zemike Circle polynomials equation (3.3.5)
Z . (K) = i R h *  2t w  A f  ..........  (4.2.9)R t=0
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It is shown that the coefficients of this expansion and the constant of 
proportionality for the modes are given by the solution of the matrix 
equation (3.3.26).
A& = Y* A* ..............  (4.2.10)
With the elements of the matrix ^  given by equation (3.3.25).
Therefore to obtain the required mode structure for the cavity the
distortion function given by equation (4.2.8) is substituted into
the above equations. To obtain a numerical solution of equation
(4.2.10) it is necessary to assume that the series expansion for
the modes may be truncated after P terms, therefore t = P - 1,max ’
where P must be relatively small for an easy solution. Therefore 
from the results of Chapter 2 it is expected that the above ex­
pansion will be useful over the range of cavity geometries where 
the Fresnel number N < 8. Alternatively the convergence of the 
Zernike Circle polynomial series may be related to the convergence
of the matrix via equation (4.2.10). The elements of the matrix
0B are the coefficients in the expansion of the kernel, of the in­
tegral equation for the modes equation (4.2,7), as a series of 
Zemike Circle polynomials, where
Ne (NXj^ Xj) = I % 2(4 + 2s + 1) B*ts (Xg)
s t
+ jkfi(ax-)
+ 2s ® (4,2.11)
The Fresnel number of the dielectric layer or phase plate will be
defined as where
kf2 «Nfl “ -g- = Nc" ...........  (4.2.12)
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4.3 Numerical Computation of the Mode Structure for the Confocal 
Cavity Containing Quarter Wave Phase Plates
The matrix equation (4.2&10) is solved numerically for the case 
of the confocal cavity containing phase plates whose optical thick­
ness z is equal to a quarter of a wavelength. The transverse mode 
distributions and constants of proportionality being extracted by 
the modified iteration technique of Bodewig^^, which will yield the 
two or three most dominant modes simultaneously for each angular 
mode number A. With this technique an arbitrary starting field is
inserted into the matrix equation (4.2.10) by assigning initial
A A Avalues to A g, the values used were A ^ « 1 , A ^ » 0  when s f 0.
This starting field,being arbitrary,will contain many of the trans­
verse modes but,by successive application of the matrix equation, 
the field is effectively bounced back and forth between the two 
mirrors. As the higher order modes have larger diffraction power 
losses, their content in this field will gradually diminish until only 
the dominant mode is left. In the modified method of Bodewig in­
stead of completing this process the iteration is stopped when all 
but the last two or three most dominant modes have decayed away, 
the remaining eigenvalues being extracted from a second or third 
order polynomial equation.
AAs the order of the matrix ^  determines the number of mod qL
solutions contained in the matrix equation (4.2,10), it also
determines the number of transverse modes which may be iterated.
It was the experience of Chapter 2 that the convergence of the
matrix equation,for the modes of the confocal cavity,was very high,
the maximum number of terras in the Zernike Circle polynomial
Aexpansion for the modes being 5. Therefore J3 has a maximum order
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of (5x5), the solution of the matrix equation is therefore very 
easy, as the iteration process rapidly reduces this to an equivalent 
(2 X 2) matrix containing the surviving two most dominant modes.
Only 20 iterations are required in the process to reduce the arbitrary 
field to one containing only the two most dominant modes, to within 
the 8 digit accuracy of the computer, for a cavity of Fresnel 
number 2tt,
The same criterion was found to apply for the structures in­
vestigated in this Chapter. In fact, as will be shoxm later, the 
transverse mode selectivity of the cavity is increased with the 
presence of phase plates therefore even less effort is required for 
a solution. As an example when the phase plates covered 36% of the 
mirror surfaces of a cavity of Fresnel number 2ir, the number of 
iterations required were reduced to 10.
Each transverse mode of the cavity is characterised by a 
set of coefficients A^^, in the expansion of the modes as a series 
of Zernike Circle polynomials equation (4.2.9). Using the re­
presentation that
TpAq A?*......................   (4,3.2)
Where n is the maximum number of terms required for an accurate
Asolution, and hence the matrix B is of the order (n x n). Let 
the initial field distribution in the iteration process Z^[(^ 
be characterised by a set of the coefficients A^^ » A^^ jjo] •
Then this field may be. considered as composed of the transverse 
modes of the cavity, wlior©
Z^Co] = I C T    (4.3.3)p=0 ^ ^
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Where is the proportion of each mode in the initial field 
distribution, let
M  - 1*0 [OJ. a J [0].........[0]]    (4.3.4)
Comparing equations (4.3.2), (4.3.3) and (4.3.4) it is seen that
A ; [ 0 ] = c ^ A f  + c , A - . . . c ^lA nA (4.3.5)
Therefore putting equation (4,3.5) into the matrix equation (4.2.10), 
the field after a single iteration is [l] where
z' [1] = [Ao to* a J [1] •••■ A* [Ij]
and
A* [1] = r -  Cg A°‘‘ + -L. A^ *^  .... ^  (4-3'G)oA lA nA
Y . is the eigenvalue or constant of proportionality for the mode px.
T » , therefore after m iterations pAq
1 ™ .oA 1 “ .lA 1
^ A ^1 t
m
c a"*' n t
For the higher order modes
pA
(4.3.7)
decreases in value, as they have
large diffraction losses, equation (3.3.28). Therefore after m
iterations the content of the mode T . in the iterated field ispAq
decreased by the factor %oA
pAj
m . Within the required accuracy,
the contribution of all, but the ttro most dominant modes in the 
iterated field, may be eventually neglected. The iterated field
may therefore be represented by
-13:
= [a^ M .  A| [mj .... h ]
where
A t H  = yk oA.
m
°o + YriA,
m
=.•*!* (4.3-8)
absorbing c and f=ï— c, into A°^ and givesrotj ° t,'uj i r t
= [Af + Af]
Aj.[m +  iJ =
A'^'frn + 2] - r •-
A°*' A^ *^
02 u
A°* a !;*
.......0.0.00.(4.3.9)
The values of A^jmjare obtained from the iteration process. 
Therefore from equation (4.3*9) the eigenvalues and Y^^ are 
given by the solution of a quadratic equation obtained from the 
determinant
A* ( m + 2)
At + 1 (* + 2)
A^ (m + 1)
A; + 1 (m + 1)
A^ (m)
a ; h. 1 w
(4.3.10)
Once the eigenvalues Y^^ and Y^^ are determined from equation (4.3.10) 
the eigenvectors may be obtained from equation (4.3.9), where
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o2 -1 (4.3.11)
and
A1& A t &  + 1] A ^ W0&
-1
(4.3.12)
A similar method may be applied to the remaining three modes 
where the eigenvalues are obtained from a cubic equation which is 
obtained from a determinant similar to that of equation (4.3,10). 
An Elliott 503 computer was programmed for this method.
Depicted in figure 4.2 are the fractional diffraction power 
loss os of the transverse modes,per cavity transit for a cavity of 
Fresnel number N = 27t, as the area of the mirrors covered by the 
perfectly transparent quarter wave phase plates is increased, i.e. 
as the value of decreases. In figure 4*3 the phase shift 
associated with the modes per cavity transit, in addition to the 
geometric phase s h i f t g i v e n  by equation (3.3.29), is plotted 
against the Fresnel number of the phase plates inserted into 
a cavity of Fresnel number W => 2 tt. It can be seen from these 
graphs that the behaviour of all the modes when the phase plates 
are introduced are similar and the curves may be divided into 
four regions. As the phase plates are introduced and de­
creases from Njj = N, the losses of all the transverse modes in­
crease up to the point (1), this part of the two graphs will be 
called loss region (1). In this region the phase plates act 
essentially as a perturbation and although the diffraction losses 
of the modes increase to a very high value the phase of the
- D e­
eigenvalue, and therefore the resonant condition of the modes,re— 
main unchanged from those of the confocal cavity*
If is decreased further up to point (2) the modes enter 
an unstable region, typified by high oscillatory diffraction
losses for the modes, similar to those of unstable geometries,
57 . .Fox • In this region the phase of the eigenvalue changes
steadily from that of the confocal geometry. It is also seen 
that in this region the Tooq mode is not necessarily the most 
dominant mode. Decreasing to point (3) then causes the curves 
to pass through region (3) about which little information may be 
obtained as the radial modes become completely degenerate in their 
diffraction losses and it is not possible to distinguish between 
them. Decreasing Ujj further until = 0 covers region (4), and 
in this region the phase plates seem to become the main support­
ing structure. The phase of the modes, on emerging from region 
(3), are seen to have undergone a rapid change. The phase of 
the modes aro the same as the confocal cavity but increased by 
half a wavelength due to the combined thickness of the phase 
plates. This phase then remains constant during region (4), 
while the diffraction losses of the modes drop rapidly. At 
Njj = 0, the phase plates cover the whole surface of the mirrors, 
and the diffraction losses of the modes return to their original 
values before the phase plates were introduced. This is not 
strictly true due to the slight decrease in the Fresnel number 
of the cavity, as the mirror separation b has been increased by 
half a wavelength.
In regions (2), (3) and (4) the Tooq mode is not necessarily 
the most dominant mode and these regions show a tendency towards
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degeneracy>in the diffraction losses, while except for a small 
portion of region (4), the mode losses are very high. Therefore, 
it is unlikely that the cavity geometries corresponding to these 
regions will have any practical application. The remaining work 
of this Chapter will be concentrated on the cavity geometries cor­
responding to region (1), where the phase plates cover about 60% 
or less of the mirror surfaces.
In figure 4»4 the fractional diffraction power loss of the 
modes per cavity transit in region (1) are plotted against the 
fresnel number of the phase plates,when they are introduced 
into cavities of differing Fresnel number N, The dashed curve 
in this graph is for a confocal cavity with Fresnel number N « 
in other words the mirrors are apertured by perfectly absorbant 
phase plates. It can be seen from this figure that the phase 
plates have a more destructive effect on the modes than the equiv­
alent aperture, dashed curve. The phase plates are therefore a 
more effective Q spoiler than an aperture, which like an aperture 
will not affect the resonant frequency of the dominant mode,over
this first loss region. This may have some application in the Q
58switching of lasers. Wood , or in the amplitude modulation of its 
output.
The effectiveness of the phase plates in increasing the losses 
of the modes may be explained as follows. With an aperture that 
part of the mode field overlapping the edge of the mirrors does 
not re-enter the cavity but gives rise to the diffraction or 
"spill over" loss of the modes. With the phase plates however 
the overlapping field is brought back into the cavity but with a 
change in phase of it and, as the phase front of the modes coincide
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with the mirror surfaces, It interfers destructively with the 
rest of the field in the cavity with the result that the mode 
field patterns are pushed out towards the edge of the mirrors, 
where a greater proportion of the field is lost.
In figures 4.5 and 4.6 the normalised relative amplitude 
radial distributions of the field intensity, on the surfaces of the 
mirrors, for the Tooq and Tolq modes respectively, versus the 
normalised radius % are plotted, for a cavity of Fresnel number 
N = 2n containing the phase plates with various Fresnel numbers 
Njj occurring in the first loss region. The relative amplitude 
radial distribution of the field intensity on the surfaces of 
the mirrors is defined as the sqrt (x) Z*^ (x)] , the dis­
tributions being normalised such that 
1
sqrt 1
0
It can be seen from these plots that the field patterns are gradu­
ally pushed towards the edge of the mirrors, as the phase plates 
are introduced, with the resultant increase in the diffraction 
losses noted previously.
In figures 4.7 and 4.8 the radial field patterns of the Tooq 
and Tolq modes are plotted for the same cavity but with Fresnel 
numbers of the phase plates which occur in the second and fourth 
loss regions respectively. It can be seen from these plots that, 
in the second loss region, the field patterns of the modes are sub­
stantially different from the field distributions for the cavity with­
out phase plates while the field amplitudes at the edges of the mirrors 
are no longer small and give rise to the very high diffraction 
losses of the modes in this region. The distributions in region 
(4) for the modes gradually change, the field amplitude at the
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edges of the mirrors> for decreasing values of drop rapidly 
giving rise to the rapidly decreasing losses noted previously. 
While at - 0, when the phase plates cover the whole of the 
mirror surfaces, the field patterns of the modes are the same as 
for the cavity without phase plates.
Another characteristic of the loss curves can be seen from 
figure 4.4, that is, the mode losses tend to become less depend­
ent on the value of the Fresnel number of the confocal cavity N
but depend on the value of the Fresnel number of the phase
plates Njj, It can also be seen, by comparing the curves of 
the Tooq and Tolq modes, that the independence of the diffraction 
losses with N is more pronounced with the Tooq mode. This is 
probably explained by the fact that a confocal cavity of Fresnel 
number N >2“iï has diffraction losses, for the dominant Tooq mode, 
which are virtually zero, in other words, the mode field pattern 
will not change if the mirror apertures are increased. There­
fore when the phase plates are introduced they will "see" the 
same field whatever the Fresnel number of the cavity. The same
is true of the Tolq mode but a slightly large)'value of N is re­
quired before the diffraction losses fall to zero and the mode 
field pattern remains constant. Cavities of N < 8 are analysed 
in this Chapter, however, by the above argument the loss curves 
of the Tooq and Tolq are not expected to change substantially 
with increasing value of the Fresnel nrraiber N from those of the 
curves where N = 1.2 x 2ïï, Tlie losses of these two modes de­
pending on the value of the inner phase plate aperture or the
bfZFresnel number of the phase plates .
-145-
yiiQ:ur e( 4 c 9 ) «> Fractional diffraction power loss per cavity transit
of the T'noQ and I'olq modes over the first loss refi:ion, 
versus P the order of the matrix equation
jj :s 0 0 8;<2 7V
0 . 002
Asymptotic values^ ass P oO
01 62 5
-146.
In Chapter 2 the high convergence of the Zernike Circle 
polynomial series representation of the modes was demonstrated, 
figure 2.7, for the dominant Tooq mode of the confocal cavity 
of Fresnel number N = 0 .8 x 2w. In figure 4.9 the convergence 
of the Tolq and Tooq modes are similarly demonstrated for the 
confocal cavity of Fresnel number N = 2tt, with the quarter 
wave phase plates inserted, for various values of over the 
first loss region. In this graph the number of terms P in the 
series is plotted against the calculated mode loss. It can be 
seen from this graph that the high convergence of the Zernike 
Circle polynomial series is maintained over these cavity 
geometries and depends only on the value of the Fresnel number N 
of the cavity and not on the Fresnel number of the phase plate. 
Furthermore, the characteristic non-oscillatory convergence of 
the series is also seen to apply to these geometries, the con­
vergence of the expansion, for higher order modes being as rapid 
as for the dominant.
If the phase plates are partially opaque they can be expected 
to have a different effect upon the mode structure. Let the 
power transmitting coefficient for both the phase plates by T, 
where T represents the fractional power transmitted per transit 
through one phase plate, while the power absorbed, not reflected, 
in the plates is 1 - T. Therefore the integral equation for 
the modes of the cavity equation (4.2.7) becomes
1
Zjj (Xg) = y '^N (x^ ) A ^ d h  (NXj^  Xg)
0
-jk[G(ax,) + 6 (ax )1 ^e  ^ ^ ' x^, dx^ .................
“ 1.47
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where
(T^) = 1 if 0 4  ^ c
= if c < x^ ^  1
i = It 2. The mode field patterns on the surface of 
the mirrors are given by
00  ^ I
Zpj^ (x) = 4  + 2t g-]k6 (a%) A(Ti) .......  (4.3.14)
and the expression for the elements of matrix becomes
I= 2 (* + + 1) (-1)' f . 2t + 1 <“*> <  + 2s (=)
o (4.3.15)
6(1) e-jk2«(a%) dx
The matrix equation (4.2.10) thus established may be solved.
Ip figure 4.10 the fractional diffraction power loss per cavity 
transit for the Tooq mode, for a cavity of Fresnel number N « 2tt, 
is plotted against for phase plates with different values of T.
Ip can be seen from the graph,as expected,that a gradual trans­
ition takes place between the case of the perfectly transmitting 
phase plates to the perfectly opaque plates which are simply 
equivalent to aperturing the mirrors of the confocal cavity. As 
the transmittance decreases regions (2), (3) and (4) gradually 
disappear, the same behaviour is also exhibited by the higher order 
modes. In figure 4.11,the fractional diffraction power loss 
of the Tolq mode per cavity transit against the Fresnel number 
of the phase plates Njj ,is plotted for various values T for a 
cavity of Fresnel number N « 2jt •
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4,4 Mode Selection in the Modified Cavity
It was mentioned in Chapter 1 that for some applications 
single mode operation of a laser is essential but that the doppler 
width of the active medium is large enough to enclose several 
longitudinal and transverse modes of the open resonator. There­
fore, to ensure that only one of these modes will resonatejmode 
selective techniques have to be employed.
It can be seen from equation (3*2,14) that the frequency 
separation of two longitudinal resonances is AF where
AF = "5%    (4.4.1)
Ü is the velocity of light in the medium, in which the cavity is 
immersed. While the Fresnel number of the cavity, defined
as
2na. a„
« 1 2  b T ^    (4-4.2)
will also change between each longitudinal resonance by an amount 
ANj^ 2* where from equation (4.4,2) it can be seen that
N,» AfA
ÛNi2 ....     (4,4,3)
The change in the diffraction losses of the modes due to this 
change in the Fresnel number of the cavity is small if b »  A,
The frequency separation given by equation (4.4.1) may be used 
to isolate one longitudinal resonance,by employing frequency 
selective reflectors for the cavity, thus ensuring that only 
one value of the longitudinal mode number q, which appears under
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the doppler curve of the active medium, will satisfy the resonant 
condition of this cavity.
The opposite is true for the transverse modes of an open 
resonator,there being a double infinite set of these for each 
longitudinal mode number q. Although the resonant condition of 
each transverse mode is usually different the frequency separation 
between these resonances is necessarily indistinct if a double 
infinite set is to exist between each longitudinal resonance.
It is therefore not possible to select the transverse modes by 
frequency selective techniques. However, with mirrors of finite 
apertures the diffraction losses of each transverse mode are 
quite different, as can be seen from the loss curves of these 
modes shown previously, and therefore it is this property which 
may be used to isolate one of the transverse modes. To do 
tjiis it is necessary to ensure that the amplification of the 
active medium is such that only one, the dominant mode, xd.ll have 
diffraction losses low enough to achieve an overall amplification 
when passing through the active medium. The diffraction losses 
of the other transverse modes being greater than the amplification 
o| the active medium causing these modes to decay.
Other loss mechanisms of the cavity, such as the reflection 
loss at the mirrors,are not mode dependent, it is therefore 
necessary to rely on the diffraction losses of the modes to pro­
vide the required selection. The magnitudes of these diffra­
ction losses must be of the same order as the other loss 
mechanisms, for this reason fractional diffraction losses of the 
dominant mode per cavity pass less than 0 .1% are rarely necessary.
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The fundamental limitation of the output power of a laser, 
operating in a single mode, is therefore governed by the relative 
diffraction losses of the dominant and first higher order mode and, 
in order to increase the output power, it is necessary to increase 
the los© difference between these modes. This may be expressed 
as the transverse selectivity of the cavity S, defined by equation 
(1.5.1), where increasing the value of S will result in a greater 
diffraction loss difference between these txfo modes. However, 
the selectivity S, as defined in equation (1.5.1), is for the 
passive cavity, that is, the cavity not containing an active medium. 
The loss difference between the modes may be considerably modi­
fied by the presence of the active medium usually resulting in a
decrease in the value of S, The precise effect of the active
59 31 32medium, Caspersoh , Fox , Bloom , will depend on the gain pro-
i^ ile and saturation characteristics of the active medium used, 
but the change in the selectivity is a consequence of the dif­
ferent radial distributions of the transverse modes.
The dominant mode, due to its low diffraction losses, will be 
concentrated around the cavity axis and its resultant mode volume 
will be very small. The fields of the dominant mode will there­
fore intercept only a small proportion of the active medium 
whereas the higher order modes will have larger mode volumes.
As a result of this the higher order modes will tend to obtain a 
greater amplification than the dominant mode thus reducing the 
selectivity of the passive cavity. This effect is largely offset
in the confocal geometry by using the cats eye configuration of 
30Burch which may be used to enhance the mode volume of the 
dominant mode to any required value, Li and Smith^^.
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In figure 4.12 the selectivity S of the confocal cavity with 
perfectly transmitting quarter wave phase plates, over the first 
loss region, is plotted against the fractional diffraction power 
loss of the dominant Tooq mode per cavity transit for the same 
cavity configuration. Tlie plots are repeated for various cavity 
Fresnel numbers N, while one curve is the mode selectivity of 
the confocal cavity without phase plates. It can be seen from 
this plot that the selectivity of the confocal cavity is improved 
by the presence of the phase plates with this increase tending to­
wards an asymptotic value as the Fresnel number of the cavity N 
increases. This asymptotic value is a consequence of the loss 
curves, for the Tooq and Tolq modes, gradually becoming independent 
of the value of N for the reasons previously outlined.
The phase plates may therefore be used to obtain an increase 
in the selectivity of the confocal cavity, which possesses the 
greatest selectivity of the open resonator structures, Averbach^^, 
while the structure may be easily realised in practice by the de­
position of the dielectric layer on the surfaces of the spherical 
mifrors of the confocal cavity. Moreover, it will be shown that 
th^ structure may be modified to form a cats eye system so that 
this increase in the mode selectivity may be realised in a practical 
cavity containing an active medium, with the resultant increase 
in the output power of the single mode operation of the laser.
It was previously mentioned that the increase in the dif­
fraction losses of the modes, in the confocal cavity with phase 
plates, could be attributed to that part of the mode field, which 
overlaps the phase plates, interfering destructively with the
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remaining field of the mode* As the proportion of the overlap­
ping mode field is greater for the Tolq mode tlian for the dominant 
Tooq mode the increase in diffraction loss for the former mode 
would be expected to be greater, giving rise to the increased 
selectivity. This effect can be observed in the distributions 
of the mode fields, figures 4.5 and 4.6, where for the same 
structure, •= 0.7, the field pattern of the Tolq has been 
changed by the presence of the phase plates by a greater amount 
than the corresponding distribution for the Tooq mode.
It is found that,like the confocal cavity ,the transverse 
mode of this structure which has the lowest loss,apart from the 
dominant mode,is the Tolq and that the loss difference between these 
modes is increased by the presence of the phase plates. To 
investigate the behaviour of the diffraction losses of the higher 
order modes with respect to the dominant mode it is proposed to 
express their diffraction loss difference in the general mode 
selectivity of the cavity S . defined aspJ6
fractional diffraction power loss per cavity transit of the T » modeS m P&9_________________________________ ______________________p& fractional diffraction power loss per cavity transit of the Tooq mode
(4.4.4)
In figures 4.13 and 4,14 the selectivities and respectively 
are plotted,for the confocal cavity of various Fresnel numbers N,with 
and without the perfectly transmitting quarter wave phase plates, 
over the first loss region, against the fractional diffraction power 
loss per cavity transit of the dominant Tooq mode for the same 
cavity configuration. It can be seen from these plots that the
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general selectivity of these modes are increased by the presence 
of the phase plates in the confocal cavity although it would liaquire 
a greater Fresnel number of the cavity N before the asymptotic 
value of this increase is known#
Therefore it may be asserted that^  with the presence of phase 
plates,the diffraction loss of all the transverse modes of the 
confocal cavity are increased with respect to the loss of the 
dominant mode. If the phase plates are only partially transé­
parent then the increase in the selectivity of the structure 
over the confocal cavity is gradually reduced until, with perfect- 
ly opaque phase plates,the selectivities of the two structures 
are identical.
4.5 Equivalent Systems and Mode Volume Considerations
In the previous sections of this Chapter the mode structure 
of the confocal cavity with phase plates and mirrors of equal 
aperture has been determined, figure 4,15 (a). Other resonator 
configurations are now considered which have similar mode structures. 
The equivalent relationships determined in section 3,6 will be used, 
with the distortion function 6(ax), which may be that due to the 
phase plate or that for a phase plate of arbitrary thickness z 
equation (4*2,8), and transmission T, such that
i (li) e-ikS(ax) .    (4.5.1)
In other words the equivalent relationships to be derived below 
will be generally applicable to any phase plate within a confocal 
cavity where
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from figure 4.15 (a), 
fc
ka  ^ kf
f -  : “hN « — r~" » N„ = Nc «=
Using the relationship (iv), section 3.6, and equation (4 o3.1) 
it is seen that an equivalent resonator to 4.15 (a) is shown in 
figure 4.15 (b) where
The phase plates in figure 4.15 (b) have the same characteristics of 
thickness and transmission as the phase plates in figure 4.15 (a). 
The diffraction loss of the modes,for the round trip of resonator
4.15 (b),being the same as the single transit loss for the re­
sonator 4.15 (a). The mode field patterns,on the surface of the 
mirrors,being equal to (x(J>) where x is the normalized radial
co-ordinate. Therefore as x = —  it can be seen that the modea
field patterns on the surface of mirror (2) in figure 4.15 (b) are 
the same as those on the surfaces of the mirrors in figure 4.15 (a) 
but scaled down by a factor of /2.
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The fields of the transverse modes in a circularly symmetric 
cavity were investigated in section 3.7 and it was seen that ,in a 
confocal cavity with large apertures,the field patterns at a plane 
within the cavity were simply scaled versions of the distributions 
on the surfaces of the mirrors, figure 3,4 (b). The precise ex­
pression for the fields in a general circularly symmetric cavity 
given by equation (3.7.13). If the confocal cavity possesses 
mirrors with finite apertures, or phase plates, then it can be. 
seen from this equation that,due to the presence of the factor , 
this picture of scaled fields is no longer true. However, the 
dominant Tooq mode field pattern is not substantially affected by 
the presence of finite apertures or phase plates over the first 
loss region figure 4.5 when the diffraction losses of this mode 
are about 2% or less per cavity transit. Therefore for the Tooq 
mode,over this range,the fields within the cavity are approximate­
ly scaled versions of those on the surfaces of the mirrors and the 
lateral extent of this mode in the cavity with phase plates are 
represented by the dashed curves in figure 4.15. It is emphasised 
that the mode distributions of all the transverse modes are 
scaled to the mirror apertures without this assumption, for ex­
ample, in the previous case, the modal distributions of all the 
modes on mirror (2), figure 4.15 (b), are scaled down by a factor 
/2 compared with those on the mirrors of figure 4.15 (a).
Using the relationship (ii),section 3.6, and equation (4.5.1), 
it is seen that another equivalent resonator is that depicted in 
figure 4.15 (c) where
ka 2 ka.a., f f« f
N « — r—  = — r—  ; c = —  » —  = —  . . . . . . .  (4.5.4)b b *1 *2 a^
—16 2—
kf 2 kf,f, 
“h ° “ ~ b ------ —
The above transformations leave the kernel of the round trip 
integral equation (3.2#15) unchanged. Therefore for equivalence 
the phase plate aperture radius f must be ratioed with the mirror 
aperture radiu&,equation (4.5.4). The round trip diffraction 
losses of the modes in the cavities, figures 4.15 (a) and 4.15 (c), 
are the same. The field patterns of the modes on the mirror 
surfaces are scaled to the mirror apertures and equal to (x<j)).
Combining the resonator geometries in figures 4.15 (b) and
4.15 (c) it may be shown, although not proved here, that another 
equivalent geometry may be formed, figure 4.15 (d), where
^1 ^2  ^ ^1 _ ^2a„ = -7? ; a, = -7? : f^ = -777 : f3 "72 » ^4 " 7 1  : "3 " 7 2  » ^4 72= 7 :
f _ f. f
a» a. a3 4 0
ka  ^0
c »
Ita.a.
N = = - r -  "   (4.5.5)
The round trip diffraction losses of the modes in the cavity 
figure 4.15 (d) being the same as those for the cavity in figure
4.15 (b) ; the mode, fields and phase plate apertures similarly 
ratioed to the mirror apertures.
If the phase plate thickness is reduced to zero the cavity
4.15 (d) becomes the cavity 4.15 (e), this resonator is Burch's
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cats eye configuration, mentioned previously in connection with 
mode volume exhanceraent• The cavity figure, 4.15(d), is the 
corresponding cats eye configuration for the confocal cavity 
with phase plates.
Mode volume enchancement of the cats eye system is achieved 
in the following way. The spot size on the surface of mirror 
(3), figure 4.15(e), is^assuming small diffraction losses, Li''
”3 “S :  ^    (4.5.6)V 4
and on the surface of mirror (4)
..............(4.5.7)
Therefore if is made large and a^ is small, while their product
is constant, it is seen, that the dominant mode volume in region (1) 
may be increased to anÿ desired Value, from equation (4.5.6) and 
equation (4.5.7). The relative transverse extent of the mode on 
the two mirror surfaces, from equations (4.5.6) and (4.5.7), is 
given by
^3 ^3
^  ^  .................
If the active medium is placed in region (1) then the mode volume, 
in the active medium, is increased but the mode selectivity of the 
confocal cavity is retained. Similarly when the confocal cavity 
contains phase plates a cats eye configuration may be simply 
formed, figure 4.15(d). Since the mode distributions are 
ratioed with the mirror apertures, equation (4.5.5), then like
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the previous cats eye system the relative transverse extent of modes 
on the two mirror surfaces are given by
Wq' a— —y ® (4.5*9)
^4 ^4
The absolute values of w^, w^, w^' and w^* will not be exactly equal 
to the values given by equations (4.5.6) and (4.5.7) due to the 
presence of finite mirror apertures and phase plates. However, 
as equations (4.5.8) and (4.5.9) are exact, the absolute values of 
the spot sizes are irrelevant while the differences will not be 
large for the dominant mode, with diffraction losses less than 2% 
per cavity transit. Therefore, the mode volume may be similarly 
enhanced to any desired value simply by increasing the ratio of 
a^ to a^ while retaining the mode selectivity of the cavity of 
figure 4.15(a). Therefore the increased mode selectivity of the
confocal cavity with quarter wave plates may be realised with an
active medium, in the same way as an unperturbed confocal cavity, 
by using the cats eye configuration,
4.6 Numerical Computation of the Mode Structure for ^le Confocal
Cavity Containing Phase Plates of other Thicknesses
In this section the mode structure of the confocal cavity with 
phase plates of optical thickness z, other than the case z *= ^ , 
will be determined. The cavity depicted in figure 4.1 is Symmetric 
about its centre and it is sho^m in section 4.2 that the modes 
are the solution of the matrix equation (4,2.10), with the 
elements of matrix B given by equation (3.3.25). The matrix 
equation is solved numerically by the modified iteration technique
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of Bodewigjoutlined in section 4.3.
The distortion function 6(r), defined by equation (4.2.2), 
appears in the equation for the matrix elements of in the form 
e If the optical thickness of the phase plates z is
a quarter of a wavelength then
^-jk«(ax)2 ^ i f i 3 , K > c
 .......  (4.6.1)
= 1 i f c ^ x ^ O
It is shoxm in the equivalence section of Chapter 3 that the 
diffraction power losses of the modes in a cavity, with distortion 
functions of opposite sign, are the same. Therefore, so far in 
this Chapter, the mode structure of the confocal cavity with a 
quarter wavelength phase plates has been determined, with the dis­
tortion function of the form
e*2jk«(aK) „ /jir-
.............  (4.6.2)= 1 i f c ^ x > > 0
If the phase plates have arbitrary optical thickness z then
e*2jk«(ax) . g^ 2jk. i x x > c
  .......  (4.6.3)= 1 if c X  ^ 0
If the distortion function e has the same value for two values
of z then the matrix elements of JB, and hence the diffraction 
losses of the modes, are the same in the two cavities. However, 
the distortion function equation (4.6.3) is periodic xfith period 
2kz = 2x, under the approximation of the formulation,equation
(4.2,4). The extremes of this period are covered by the quarter
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wave phase plates equation (4.6.2), therefore it is only necessary 
to consider confocal cavities with phase plates of optical thick­
ness 2 less than a quarter wavelength.
In figures 4.16 and 4.17 the fractional diffraction power 
losses per cavity transit, for the Tooq and Tolq modes respectively, 
are plotted against the Fresnel number of the phase plates when 
these are introduced into a confocal cavity of Fresnel number 
N « 1.2 X Ztt. The loss curves are plotted for phase plate optical 
thicknesses z of ^  and with the curves for z » ^  and z » 0 
plotted for comparison. The dashed curves in these figures are 
the loss curves for the modes in the apertured confocal cavity 
without phase plates i.e. N « or alternatively this may be 
considered as a confocal cavity with phase plates of zero trans­
mission. In figure 4.18 the phase change per cavity pass, 
ignoring the geometric phase path, is plotted against for the 
two modes in cavities of the same configurations explored by the 
loss curves of figures 4.16 and 4.17.
It can be seen from these figures that the diffraction losses 
and transit phase, or resonant condition, of the modes, for the 
phase plate thickness —  and follow the same general pattern ob­
served with quarter wave phase plates. Initially the diffraction 
losses of the modes increase as the phase plates are introduced, 
the rate of increase being greatest for the quarter wave phase 
plates while this rate decreases until, at z = 0, the phase plates will 
obviously have no effect on the modes and therefore the increase 
in mode losses will be zero. This initial loss region was de­
fined as the first loss region, which is characterised by the fact
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that the resonant conditions of the modes are constant and equal to 
that of the confocal cavity unperturbed by phase plates equation
(2.1,1). The four loss regions, defined in section 4,3 for the 
quarter wave phase plate, are present in the ^ and curves but 
gradually these regions merge with decreasing phase plate thick­
ness until at zero thickness they disappear altogether. The 
first loss region for the quarter wave plates ends when the dif­
fraction losses of the modes become almost 100%, while increasing 
further the area of the phase plates causes a rapid change in the 
resonant condition of the modes as they enter loss region (2) .
With the smaller phase plate thicknesses the losses of the modes 
at the transition between region (1) and (2) become less, for ex­
ample the diffraction loss of the Tooq mode per cavity pass at this 
transition is approximately 60% for z = A and 1% for z = 
while the rapid change in the resonant condition for the modes, 
when z = ^  becomes more gradual as z decreases. The same be­
haviour is exhibited at the transition between regions (3) and 
(4), namely that the value of the diffraction loss decreases 
with decreasing z and the sharp discontinuity in the resonant 
condition gradually disappear . The oscillating mode losses 
in region (2), characteristic of unstable geometries, also gradually 
disappear with decreasing z while the complete loss degeneracy of 
the modes in region (3) has almost disappeared when z = The
resultant phase change associated with the modes in the configura­
tion where = 1 and » 0, i.e. when the phase plate covers 
none or all of the mirror surfaces, will obviously be less as z 
decreases due to the decreasing additional optical path created by 
the phase plates.
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In region (1), for the Tooq mode ythere exists a substantial 
range of where the resonant condition of the mode is the same as 
for the confocal cavity without phase plates while the losses 
of the mode is highly dependant on the magnitude of z. It is 
therefore possible to change the diffraction losses of the Tooq 
mode by several orders of magnitude simply by changing the thick­
ness of the phase plate z,which may be achieved by an electro- 
optical phase changer. Alternatively, using stepped mirror cross- 
sections instead of a dielectric layer , t'he value of z may be 
changed by driving the stepped section with a piezoelectric 
material. The phase plates may therefore have application in 
the amplitude modulation of the laser output.
In figure 4.19 the mode selectivity 8 of the cavities,de­
fined by equation (1.5.1),are plotted against the absolute value 
of the fractional diffraction power loss per cavity pass of the 
Tooq mode in the same configuration. The curves in this figure 
are for the confocal cavity of Fresnel number N « 1.2 x 2tt con­
taining phase plates of optical thickness z = and over
the first loss region of the quarter wavelength phase plate 
configuration. It can be seen from this figure that the mode 
selectivity does not bear a simple relationship to the phase 
plate thickness z, and does not necessarily have a mode selectivity 
greater than the apertured confocal cavity, dash curve in 
figure 4.19. The greatest mode selectivity is obtained by the 
quarter wave phase plates while the smallest value of the mode 
selectivity is for the phase plates. The lower values of 
the mode selectivity, as z decreases, may be partially explained 
by the diffraction loss curves of the Tolq mode. It is seen
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tliat the losses of this mode enter the second loss region at 
greater values of with a corresponding slowing down in the 
increase of its diffraction losses, while the losses of the 
Tooq mode, still in the first loss region, continue to increase 
rapidly with a resultant decrease in the mode selectivity.
4.7 Discussion and Conclusions
In this Chapter the Zernike Circle polynomial expansion for 
the transverse mode structure of circularly symmetric cavities of 
Fresnel number N <8, has been applied to the confocal cavity with 
phase plates. The convergence of this series for the dominant 
and a higher order mode was tested over a wide range of the con­
focal cavities containing quarter wave phase plates, where the 
transverse mode structure was considerably modified by their 
presence. However, it was found that the high convergence of 
the series was maintained and depended only on the Fresnel number N.
The extent to which the mode structure of the confocal cavity
was modified by the presence of the phase plates depended on
several factors, the thickness of the dielectric layer, its 
transparency, and the proportion of the mirror surfaces covered.
It was, however, found that the diffraction losses and resonant 
conditions of the modes followed the same general pattern as the 
Fresnel number of the phase plates decreased, where (N - 
was proportional to the area of the mirror surfaces covered by
the plates. The dependence of the diffraction loss curves for
the transverse modes could be segmented into four regions, in 
two of which the modes had very high diffraction losses and wore 
degenerate in their diffraction losses. The cavity geometries
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corresponding to these loss sequences may be considered as un­
stable and of little practical application. In another loss 
region, which occurred just before the phase plates covered the 
whole of the mirror surfaces, when *= 0, the Tooq mode was not 
necessarily the most dominant while the region was characterised 
by rapidly changing diffraction losses.
The loss region of most interest was the 1st loss region cor­
responding to geometries where the phase plates covered the smallest 
proportion of the mirror surfaces. Initially when N„ = N the 
phase plates were completely absent and the mode structure was ob­
viously that of the confocal cavity. As decreased the dif­
fraction losses of all the modes increased, as the mode fields 
were pushed towards the edge of the mirrors, while the resonant 
condition of the modes remained unchanged. Phase plates of dif­
fering thickness and transparency modified the characteristics and 
proportions of these loss regions but the basic sequence remained 
the same. Within the accuracy of the approximations restricting 
the distortion function equation (ii), it was shown that it was only 
necessary to consider phase plates of optical thickness less than 
or equal to a quarter of a wavelength, other thicknesses finding 
an equivalent structure in this range.
The perfectly transparent quarter wave phase plates produced 
the greatest rate of increase in the diffraction losses of the 
modes, in the first loss region, and the highest diffraction loss 
before the transition into the second loss region. The sharp 
transitions between the loss regions gradually diminished as the 
thickness and transparency of the phase plates decreased.
-175-
Although the cavity configurations analysed were in the range 
N <8 it was seen that the loss curves,of the quarter wavelength 
phase plates,tended to become asymptotic at the higher values of 
N, for the two most dominant modes, the losses depending only on 
the value of the Fresnel number of the phase plates N„, This was 
attributed to the fact that for confocal cavities, with values of 
N>6,the diffraction losses of these modes are very small and the 
mode fields are not perturbed by the finite mirror apertures and 
therefore will not change if N is increased. The phase plates will 
therefore "see" the same fields for these two dominant modes if 
N>6.
It was also shown that the quarter wave plates increase the 
transverse mode selectivity of the confocal cavity, whether this be 
considered as the ratio of the diffraction losses of the two most 
dominant or of the dominant and higher order modes,and that the 
increase was maintained for partially transparent plates. This 
increase in selectivity is useful in applications requiring a single 
mode resonance in the cavity and is particularly significant as the 
confocal cavity has the largest transverse mode selectivity.
Many systems have been applied to increase the transverse mode 
selectivity of open resonators such as the angular dependant tilted 
Fabry Perot étalon Collins^^, the prism used at its critical angle 
Giordraaine^^, the Lummer-Gehreke plates DeShazer^^, the confocal 
cavity with mirrors having variable reflectivity over their sur­
faces Averbach^^, but all of these systems have,as yet,not produced 
the transverse mode selectivity of the confocal cavity with mirrors 
of constant reflectivity. The mode selectivity of the confocal 
cavity with infinite strip mirrors has been improved, Averbach^^, by
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replacing the spherical mirrors by mirrors with somewhat complex 
caustic surfaces, the system being applicable to mirrors with 
rectangular apertures, the increase in mode selectivity being 
of the same order as that produced by the quarter wavelength 
phase plates. However, it is believed that the phase plates are 
a particularly simple means of improving the selectivity of the 
confocal cavity while the system is easily adapted to form a 
Burch’s cats eye system for mode volume enhancement.
The phase plates modified the mode structure of the confocal 
cavity considerably. The extent of the modification depended 
on several factors, z, N^, T, N. Therefore, the phase plates, 
or stepped mirror cross-sections, are extremely versatile elements 
to introduce into the cavity, as the characteristics of the 
cavity may be varied at will simply by changing one of the phase 
plate factors. This may lead to several practical applications 
of these devices, two of which have been mentioned. Changing 
the factor z electronically, for example by driving the stepped 
portion of the mirrors with a piezoelectric stack, a laser may be 
efficiently Q switched. Alternatively the output of the laser 
may be amplitude modulated without changing the resonant frequency 
of the modes.
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CHAPTER 5
Mode Analysis of Quadratic Cavities with and Without Phase Plates
5»1 Introduction
The class of open resonators most commonly used in practical 
applications are those formed by mirrors with quadratic phase sur­
faces, that is, spherical mirrors with arbitrary radii of curvature 
figure 5.1 (a). In the following text this class of configurations 
will be termed the quadratic cavities.
Analytic solutions exist,within the scalar approximations as 
outlined in section 1.3, for the quadratic cavities with large mirror 
apertures where diffraction effects may be ignored. The more im­
portant results of this analysis are that the modal fields within 
the stable configurations will be highly dependent on the radius of 
curvature of the mirrors. Each transverse mode will have a specific 
resonant condition depending on its three mode number designation, 
whereas the phase fronts of all the transverse modal fields coin­
cide with the mirror surfaces.
In the resultant integral equation for the modes it is found 
that the properties of the configuration depend on the quantities 
gj and gg where
gl « (1 - ^ )  ...... (5*1*1)
®2 “ "" . .. ... .... .. .... (5.1.2)
Where b is the axial separation of the mirrors while d^ and dg are 
the radii of curvatmre of mirrors (1) and (2) respectively. In the 
stability diagram figure 1.3, for mirrors of large aperture, it is
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seen that there are certain symmetries about the axes = 0, 
gg = 0 and « g2 « It is shorn in the equivalents section 
that this symmetry is maintained in the diffraction limited 
problem. It is. therefore only necessary to investigate the 
stable geometries which occur in a single quadrant of the 
stability diagram, that bounded by the axes g^ = 0 ^  od |
» 0 ^  00 .
In this Chapter cavities which are circularly symmetric 
about their axis and also symmetric about their centres will 
be analysed, therefore, the mirror apertures are equal and circu­
lar, and g^ = g^. The mode structures of other cavity con­
figurations may be determined from these results by the use of 
equivalent relationships, Gordon^^. As g^ = g^ it can be seen 
from the stability diagram that in the stable region of the chosen 
quadrant it is sufficient to investigate the range of geometries 
where 0 .< g ^ 1 .  When g = 0 the cavity is confocal and when g = 1 
it is a Fabry Perot étalon.
.29Li investigated this range of quadratic cavities using the 
scalar formulation and solving the resultant integral equation by 
numerical iteration. The conclusions to be drawn from this work 
are that the finite mirror apertures will alter the resonant con­
dition, and field distributions of the transverse modes and give 
rise to diffraction losses which vary considerably for differing 
values of g. While the phase fronts of the modes, except for the 
confocal geometry, do not coincide with the mirror surfaces. At 
any given value of the Fresnel number K the losses of the modes in­
crease with g. When K = 8, there are three orders of magnitude
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difference between the diffraction losses per cavity pass of the 
dominant mode in the geometries where g = 0 and g = 1. There 
is also a considerable difference between the field patterns of 
corresponding modes and the transverse mode selectivity.
In this Chapter the above range of quadratic cavities will 
be formulated,and the mode structures determined with the aid of 
Zernike Circle polynomials by the method outlined in section 3,3, 
The quadratic cavities provide a wide range of cavity configu­
rations to test the applicability of the method to the general
circularly symmetric cavities of Fresnel-number ISTCS. The re-
.29suits will be compared with those of Li , and the convergence 
properties of the Zemike Circle polynomial expansion for the 
modes investigated.
It was found in Chapter 4 that insertion of quarter wave 
phase plates into the confocal cavity inprove certain properties 
of this resonator; In the second half of this Chapter the 
effect of the same phase plates, or stepped mirror cross-sections, 
on the quadratic cavities Is., iiivostigated.» ,
5*2 Evaluation of the Quadratic Cavities Using Zernike Circle
Polynomials
The cross-section of the quadratic cavity with phase plates 
is depicted in figure 5.1 (b). From the geometry of the cavity 
it is seen that the optical distance R separating points (r^ (|»^) 
on the surface of mirror (1) and (rg i|»2) on the surface of mirror 
(2) is given by
R = |b^^ + + r^^ - Zr^rg cos (5.2.1)
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where
ri^
= b -  ^  + G(r^) + GCr^)   (5.2.2)
The radii of curvature of both mirrors being equal to d while their 
axial separation is b, G(r) is the additional optical path created 
by the presence of the phase plates where
G(r) « 0  if 0 < : r « f
 ........  (5.2.3)
= z if f < r < a
CHfith f the inside aperture radius of the phase plates and ’a’ 
the aperture radius of the mirrors.
Within the scalar formulation of Chapter 3, to apply the 
Zernike Circle polynomial method of section 3.3, it is only neces­
sary to determine the distortion function for this class of 
cavities, relative to the reference confocal surfaces. Therefore, 
with the reference confocal surfaces, of radii of curvature and 
axial separation b, it can be seen, by comparing equations (5.2,1) 
and (5.2.2) with equations (3;2.1) and (3.2,3) that
G^(r) “ GgXr) = (1 - + G(r)   (5.2.4)
where
§1 = &2 “ (i ” -j)    (5.2.5)
The mode structures of quadratic cavities symmetric about their 
centres are to be determined. Therefore, for self consistent modes 
it is only necessary to postulate that the modal distribution on 
the surface of mirror (1) is the same as that on the surface of
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mirror (2), to within a constant of proportionality. The integral 
equation describing the modes is given by equation (3.3,20) with 
6(r) given by equation (5,2,4), In this section quadratic cavit­
ies without phase plates are investigated, therefore the function 
G(r) due to the phase plates is omitted.
Applying the Zernike Circle polynomial expansion for the 
radial distributions of the modes on the mirror surfaces, equation
(3.3,7), where x is the normalized radial co-ordinate. The in­
tegral equation (3.3.20), is reduced to a matrix equation (3,3.26), 
the solutions of which yield the values of the coefficients in the 
expansion and constants of proportionality. Therefore the 
fractional diffraction loss per cavity transit equation (3,3*28), 
and the resonant condition equation (3.3.29) associated with each
mode may be determined. The usual mode designation T _ will bepJ6q
used with the transverse mode numbers p and & associated with the 
radial and angular co-ordinates, and q the longitudinal mode 
number•
£The elements of matrix ^  are given by equation (3,3,25),the 
matrix equation (3.3.26) is solved numerically by the method of 
Bodewig outlined in Chapter 4, The mode structures of cavities 
investigated are for selected values of g in the range 0 ^  g ^ 1 
ranging from the confocal to the plane parallel or Fabry Perot 
étalon.
In figures 5,2 and 5.3 the fractional diffraction power loss 
per cavity transit and the phase change experienced by the modes
during this transit,in addition to the geometrical phase path 
are plotted against the Fresnel number N of the cavity for 
various values of g in the stated range, for the dominant Tooq and
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the higher order Tolq mode respectively, TKeae agree to the
.29first order with those given by Li , however there seems to be 
slight discrepancies, too small to illustrate on the plots of 
figures 5.2 and 5.3, which will be discussed later. The 
characteristics of the loss curves are as expected and outlined in 
the introduction, the modal diffraction losses increasing with 
the value of g4 The phase associated with the modes gradually 
reach asymptotic values as the Fresnel number or mirror apertures 
are increased. High values of g requiring larger values of the 
Fkesnel number before this asymptotic value is reached. These 
asymptotic levels are the same as those predicted by Kogelnik^ 
given by equation (1.3.14), it can be seen that the confocal 
cavity is peculiar in that the resonant condition of the modes 
is independant of the mirror apertures.
In figures 5,4 and 5.5 the normalised relative amplitude
radial distributions of the.field intensity, section 4.3, and the
relative phase of the field, on the surfaces of the mirrors,are
plotted against the normalised radial co-ordinate for the Tooq and
Tolq modes respectively. The plots are for cavity configurations
of various values of g, but with the same fresnel number N = 2ir,
29These plots agree with those of Li , and it can be seen that 
there is a considerable difference between the corresponding 
modes in cavities of different g. The field patterns of modes, 
in structures of higher g,having the larger an^litudes at the 
mirror edges giving rise to the higher diffraction losses.
Apart from the confocal cavity the relative phase on the surface 
of the mirrors is not constant. At higher values of N, in the 
absence of aperture diffraction, the relative phase will become
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constant as predicted by the work of Kogelnik^^.
To test the convergence properties of the Zemike Circle 
polynomial expansion for the modes, the expression in equation
(3.3,7) is truncated after P terms, the radial distribution of 
the modes are tlion given by
V  ° I 2s    (5.2.6)
The matrix equation (3.3.26) is reduced to one of order P. The 
matrix equation is solved and in figures (5,6) and (5.7),^ the most 
important property of the modes, their fractional diffraction 
power loss per cavity pass, is plotted against the order of the 
matrix equation P for the Tooq and Tolq modes respectively.
The plots are for cavities of various g but with the same value 
of the Fresnel number N =» 0.8 x 2ïï. It can be seen from these
graphs that the very high convergence of the Zernike Circle poly­
nomial expansion for the modes, experience previously in the 
confocal cavity, is maintained throughout the range of quadratic 
cavities, although there is a considerable difference in the mode 
structures of these configurations. In figure 5.8 the error
in the fractional diffraction power loss per cavity transit of
the dominant Tooq mode, while changing the order P of the matrix 
equation,is tabulated. This diffraction loss is represented by 
Ôooq (P), where P is the order of the matrix equation used to 
calculate its value. In figure 5.8 the error in the values of 
ôooq (3) and ôooq (4) are sho^m when conçjared with the values of 
ôooq (8). It can be seen that only 4 terms are required to 
obtain a minimum accuracy of less than 1% in the value of the
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fractional diffraction loss for cavities of this Fresnel number, 
while for practical applications the values obtained for P = 3 
are of sufficient accuracy* The convergence of the expansion 
depends only on the Fresnel number N of the cavity,while the con­
vergence as can be seen from figures 5,6 and 5.7, is non oscillatory 
and is as rapid for higher order modes.
Although the diffraction losses of the modes increase with 
g, at a particular value of N, the absolute accuracy in the value 
of the diffraction losses remain approximately the same^as can be 
seen in figure 5*8 by comparing the extremes of the range when 
g = 1, 0. Therefore, the restriction of the technique to cavities 
of Fresnel number applies: ' to tiie confocal cavity with its 
very low modal diffraction losses requiring a severe accuracy in 
the arithmetic. However, for g = 1,to obtain the same percentage 
accuracy the method may be applied to greater values of N* With 
N = 7*5 the order of the matrix equation required, for an accuracy 
of less than 1% in the diffraction loss of the dominant mode, is 
five for the confocal cavity g - 0, while for the plane parallel 
cavity g = 1 the required order is only three,
20In figures 5,2 and 5,3 and also from the work of Li it
appears that the transit phase of the modes converge smoothly on-
15to the asymptotic values predicted by the work of Kogelnik • 
However, if the plots are magnified at the points where the phase 
converge onto the asymptotic values, figure 5.9, for the Tooq mode 
in cavities of g » 0.2 and 0.5, it is seen that this is not so*
The phase tends to have a shallow oscillation about the asymptotic 
value before converging onto it.
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As mentioned previously there appears to be a slight dis­
crepancy between the fractional diffraction power loss plots of
.29figures 5*2 and 5.3 con^ared with thoseof Li , the differences
are small, less than 5%, and may be due to the reproduction of
the graphs in that work. Boiiever, the discrepancies in the
values of the Tooq and Tolq modes may be out of phase causing a
greater discrepancy between the transverse mode selectivity of
the cavities, as can be seen by cos^aring the plots in figure 
. 295,10 and in Li for the cavity where g = 1. The importance of 
these discrepancies in practical applications are con^letely in­
significant and are only of concern here as the quadratic 
cavities are used to test the Zemike Circle polynomial
method. More recent calculations have been performed by Blok^®, 
for the quadratic cavities where g «= 0 and 1, the two extremes 
of the range investigated in this Chapter. The tabulated values 
obtained by Blok^^ for the fractional diffraction power loss per 
cavity pass of modes,are in exact agreement with those obtained 
here, using the Zernike Circle polynomials. Blok^® used the 
Gaussian quadrature technique to obtain these values, while the 
Gaussian quadrature technique is considered to give results of 
the greatest accuracy, Sanderson^^. For the above reason, as
well as the accuracy to which the asyisptotic values reached by the
15transit phase, agrees with the values of Kogelnik , it is felt 
that the results obtained by the Zernike Circle polynomial method 
are correct.
In figure 5,10 the transverse mode selectivity S equation
(1,5,1) of the quadratic cavities are plotted against the fresnel 
number N, It is of greater practical significance to plot the
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transverse mode selectivity figure 5,16, against the absolute
value of the fractional diffraction power loss per cavity transit
of the dominant Tooq mode. However, due to the wide disparity
between dominant mode losses in cavities of different g, and for
29direction comparison with the plot of Li , it is convenient to plot 
figure 5,10 in this form. The superiority of the mode select­
ivity of the confocal cavity is self evident from the graph, the 
selectivity decreasing with increasing value of g. The most 
interesting plot is that for the quadratic cavity g = 0.2, where 
the mode selectivity may be considerably less than that of the 
g « 0.5 cavity. The range of quadratic cavities 0 < g < 0.5 has 
not been previously investigated and it is assumed that as g in­
creases from g « 0, the transverse mode selectivity of the cavities 
decreases reaching a minimum at g « 1. Tlie g « 0.2 plot shows this 
to be a false assumption, as although the cavity has a configura­
tion nearer to the confocal geometry than the cavity where g « 0.5, 
the transverse mode selectivity is not necessarily greater.
5.3 Quadratic Cavities with Phase Plates
In this section the effect of quarter wave phase plates, 
figure 5.1(b), on the mode structure of the quadratic cavities 
of Fresnel number N< 8 are determined. Putting z = ^  in equation
(5.2.3) and solving the resultant matrix equation for the mode 
structure, in the same way as in the previous section, where the 
Fresnel number of the phase plates is the following re­
sults are obtained.
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In figures 5.11, 5.12 and 5,13 the fractional diffraction powerorder
loss per cavity pass of the dominant Tooq and the higher/Tolq mode 
are plotted against the presnel number of the phase plates, 
which are introduced into various quadratic cavities of Fresnel 
number N equal to 0,8 x 27Çand 1.2 x 2ir* For comparison the 
dashed curves are for the same cavities without phase plates where 
Njj = N, in other words the phase plates are perfectly opaque. In 
figure 5.14 the phase experienced by the modes, in addition to the 
geometric phase,during one cavity transit, is plotted against 
for the structures of presnel number N = 1,2 x 2tt, whose loss curves 
are depicted in figures 5.11, 5.12 and 5.13, The graphs exhibit 
the four loss regions outlined in section 4.3 when the phase plates 
were inserted into the confocal cavity. The first loss region,
being of major interest, beginning when “ N and characterised
by an unchanged transit phase. While the diffraction losses of 
the modes increase steadily, as the phase plates are introduced and 
Ng decreases, reaching amaximumvalue before transition into loss 
region 2. In the quadratic cavities this first loss region is 
seen to exist although the characteristics mentioned above are most 
strongly exhibited by the g « 0.2 curves,this being the geometry 
nearest to the confocal. For clarity only the first loss region 
of the curves for cavities of Fresnel number N = 0.8 x 2m are shown. 
In general the similarity of the above curves with those of the con­
focal cavities gradually disappear as g increases.
Comparing the effect of the phase plates on the mode structure 
of the cavities with that of irises, dashed curves. It can be 
seen that, except for the cavity where g = 1, in the first loss 
region,the diffraction loss curves are steeper and, therefore, like 
the confocal cavity the phase plates are more effective Q spoilers
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than irises. In the case of the configuration where g =• 1 the 
loss curves are less steep, therefore below the dashed iris curves, 
and do not show a general increase with decreasing in one case 
returning to loss values equal to the cavity unperturbed by the 
phase plates. The disimilarities between the effect of phase 
plates on the mode structure of the confocal cavity and the quadra­
tic cavities,over this range of Fresnel number N, may be accounted 
for by the fact that unlike the confocal cavity the relative phase 
of the modal fields over the surface of the mirror is not constant, 
figures 5.4 and 5,5. The part of the modal field intercepted by 
the phase plates,and normally absorbed by the irises,is not brought 
back into the cavity so that it is out of phase with the rest of 
the mode and will not,therefore,necessarily have a destructive 
influence on the rest of the modal field. As the phase of the modal 
fields on the surface of the mirrors ,for the cavity g » l,has the 
maximum variation it might be expectedÿas is seen from the above 
graphs,that the effect of phase plates are less predictable and, as 
the losses of the modes decrease at certain values of presumably 
some constructive interference occurs. At larger values of N the 
relative phase over the-surface of the mirrors gradually becomes 
more constant therefore,from the above argument,it is possible that 
the behaviour of the mode structure in this cavity, g = 1, will 
approach more closely the behaviour exhibited by the confocal 
cavity, and the other quadratic cavities.
It was shown in Chapter 4 that at the larger values of N the 
phase plates tended to produce diffraction loss curvefor the im>st 
dominant modeSjwhich lost their dependence on N but depended strongly 
on the Fresnel number of the phase plates N^. This was attributed 
to the fact that at the larger values of N, in the range N76, the
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modal fields of the most dominant modes in the confocal cavity are 
unperturbed by the presence of finite mirror apertures and would 
not change if these were increased. Therefore, the phase plates, 
when introduced into the cavity, would "see" the same modal field 
at these and higher values of N. In the case of the quadratic 
cavities it can be seen, by comparing the N =« 0.8 x 2ïï and 
N = 1.2 X 2tt curves in figures 5.11, 5.12 and 5.13* that the de­
pendence of the loss curves with N as expected is most marked with 
the cavities of g - 1 which, at these values of the presnel numbers 
N, have modes considerably modified by the presence of the mirror 
apertures.
The figures 5.11, 5.12, 5.13 and 5.14 show that at = 0, 
when the phase plates cover the whole surface of the mirrors, the 
diffraction losses return to their original values before the phase 
plates were introduced, while the transit phase is increased by the 
^  optical thickness of the phase plates.
In figure 5.15 the normalised relative amplitude radial dis­
tributions of the field intensity on the mirror surfaces, for the 
Tooq mode, in the quadratic cavities of Fresnel number W = 1.2 x 2tt 
and g - 0.2 and 1.0 containing phase plates, are plotted against the 
normalised radius over the first loss region. As expected the dif­
ferences of the two geometries exhibited in their diffraction loss 
curves are also shown in the field patterns, with the cavity of 
g « 0.2 having field patterns whose behaviour, with decreasing 
Njj, is similar to the corresponding mode in the confocal cavity with 
phase plates, figure 4.5.
In figure 5.16 the transverse mode selectivity of the quadratic 
cavities, containing phase plates, are plotted against the fractional
20 4"
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diffraction power loss per cavity transit of the dominant Tooq mode 
over the first loss region in the same configuration. It can be 
seen from this graph that the phase plates can be used to increase 
the transverse mode selectivities of the quadratic cavities with 
values of g in the range g 0.5. The increase in the selectivity 
decreasing as g increases while for values of g greater than 0,5 
the mode selectivity tends to become erratic. In the case of g = 1, 
the selectivity curve turns back on itself as the loss of the domin­
ant mode may be the same at different values of while the Tolq 
mode loss will not. The selectivity increases, with g ^  0.5, when 
the Fresnel number of the cavity is increased and is always greater 
than that of the quadratic cavity without phase plates-
In figure 5.17 the fractional diffraction power loss per cavity 
transit of the dominant Tooq mode, for the confocal and quadratic 
cavity g « 0.2 containing the phase plates, are plotted. The dif­
fraction losses for the first loss region are shown in this figure 
and it can be seen that, at the high loss end of this region, the 
diffraction losses of the two cavities are almost the same. The 
diffraction losses of the dominant mode in the quadratic cavity are 
higher, for a particular value of the Fresnel number N, than those 
in the confocal cavity. If the difference between these losses is 
Ad(N)^before the phase plates are introduced, then approximate values 
for the diffraction loss 6^(0.2) of the Tooq mode in the cavity 
g = 0.2 containing phase plates, may be determined from the cor­
responding loss in the confocal cavity 5^(0) where
6%(0.2) = 6^(0) + A6(N)      (5.3.1)
Using this method to calculate 6^(0.2), the dashed curves in figure 
5.17 are obtained. It can be seen from these curves that, assuming
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this linear relationship equation (5.3.1), the calculated values 
of 0jj(0 .2) are good approximations to the actual values especially 
at the high loss end of this first loss region. Therefore, for 
geometries near to the confocal geometry the diffraction losses of 
the dominant mode at the high loss end of the first loss region are 
practically the same, while more accurate values for these geometries 
may be calculated from equation (5.3.1)
5.4 Equivalent Relationships for Practical Applications
In the diffraction limited quadratic cavity,where the two 
spherical mirrors have different radii of curvature and therefore 
gl $2 , interchanging of the mirrors will cause the modal fields 
to move with the mirrors but the round trip diffraction loss of the 
modes will remain unchanged. Therefore the cavity configurations 
are equivalent when
8% = 82 ; 82 = (5.4.1)
The overbar indicates the geometry of the resonator equivalent to 
the original. Therefore, the symmetry about the axis g^ « gg in 
the stability diagram, figure 1.3, applies also to the diffraction 
limited quadratic cavities as can be seen from equation (5,4 .1),
The distortion functions for the quadratic cavities from equation
(5.2.4) are
(ayXi)2 (apX.)2
«1 (a^x^) « ^  ■ Sx * “ 2b ®2
From the equivalent relationship (ii) section 3.6, it is seen 
that cavities are equivalent if the sign of the distortion functions 
are changed,the modal fields simply being complex conjugates.
FigureÇ5 ®1?)oComparison of the exact and approximated,
fractional diffraction power loss per cavity
Otransit, versus c^, over the first loss region
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for gsO.2, using 
equation (5.5*1)
0 .001,0*60.2 1*00.8
•?209-
Therefore if the apertures of the mirrors remain constant, then from 
equation (5.4,2^ it can be seen that quadratic cavities are equivalent 
if
* 8% = ~ 82 (5.4.3)
Therefore the symmetries in the stability diagram figure 1.3 about 
the axes “ 0 ; gg = 0 also apply to the diffraction limited 
quadratic cavities.
The equivalent quadratic cavities with and without phase plates 
may be determined from the equivalent relationships of section 3.6, 
with the insertion of the appropriate distortion function. How­
ever the quadratic cavities have specific relationships due to 
Gordon^^ which are extensively used in practical cavities and al­
though they fall within those relationships presented in section 
3.6, it will be useful to modify these specific relationships for 
the quadratic cavities with phase plates. It is shown in the 
equivalent relationships (ill) section 3.6 that the diffraction 
losses and the modal fields at each mirror, except for a scaling 
factor, will be the same in an equivalent cavity if
*1=2 h hb\ " bX     (5.4.4)
d|^ (a^ x^ ) ^ 6^  (a^ x^ ) ............ (5.4.5)
^2^^2^2^ « «2 ^^2^2  ^   (5.4.6)
The equivalent relationships of Gordon^, for the quadratic cavities 
without phase plates, may therefore be singly obtained by putting 
the distortion function equation (5.2.4) into equations (5.4.4),
(5.4.5) and (5.4.6) to give
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• i r  “ “I r     (5.4.7)
T" 8i = %- 6,    *' (5.4.8)
2 &2
a? a„ _
T- Sn " T “ So .................. (5.4.9)
If the quadratic cavities contain phase plates of arbitrary 
optical thickness z,then,by putting the equation (5.2.4), with 
the phase plate functions G(r) included, into the equations (5.4.4),
(5.4.5) and (5.4.6), it is seen that equivalent geometries are 
governed by the relationship equations (5.4.7), (5.4.8) and (5.4.9), 
but with two additional conditions namely
Gi(aiX^) « Gj^ (a^ Xj^ ) .......... .... (5.4.10)
®2^®2*2^ ®2^^2*2^     (5.4.11)
Therefore coniparing equation (5.2.3) with (5.4.10), (5.4.11),these 
conditions may be written in the form 
f, f,
^1 “ *a“ T" “ ^1 *.................(5.4.12)
^2 ^2 -= T- =:=- =      (5.4.13)^ “2 ^2 ^
Therefore the equivalent relationships of Gordon may be sin5)ly 
modified to apply to the quadratic cavities with phase plates.
The phase plate apertures simply being ratioed to the mirror 
apertures while the Fresnel number of the phase plates will re­
main invariant,as can be seen from equations (5.4.12) (5.4.13) 
and (5.4.7),where
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N„ » 2 t t - ^  = 2 n - ^    (5.4.14)“ 51 bX
5.5 Discussion and Conclusions
The quadratic cavities are widely used as practical resonators 
while these cavities cover an extensive range of geometries and 
modal diffraction losses. The quadratic cavities were therefore 
an ideal class of resonators to test the general applicability of 
the Zernike Circle polynomial expansion for the modes, outlined in 
Chapter 3, to reduce the integral equation, obtained from the scalar 
formulation of the problem, to a highly convergent matrix equation.
Using this technique, for the quadratic cavities circularly 
symmetric about their axis and also symmetric about their centres, 
it was found that the very high convergence of the matrix equation, 
experienced in Chapters 2 and 4 when applied to the confocal cavity, 
was maintained in the quadratic cavities over the whole range of 
the stable geometries. The convergence being rapid and non- 
oscillatory while the rate of convergence depended on the Fresnel 
number N of the structure. It is concluded that the Zernike 
Circle polynomial method provides a very useful basis for the modes 
of the general circularly symmetric cavity requiring a minimum of 
effort to reach a solution.
In the case of the confocal cavity, the method is most useful 
in the important practical region where the Fresnel number of the 
cavity is less than 8, a range where the diffraction power loss per 
cavity pass of the dominant transverse mode is greater than 10 ^ .
In the case of the quadratic cavities the range of geometries of 
presnel number N < 8  similarly were usefully covered by the method,
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while in the configurations where the losses of the dominant mode 
were high, such as when g = 1, it was found that the method could 
be applied to cavities of larger presnel number.
The results obtained for the quadratic cavities were found to
29agree to the first order with those of Li but slight discrepancies
were noted but it was concluded, after comparison with the more
recent calculations of Blok^® and the asymptotic solutions of 
15Kogelnik , that the results obtained by the Zernike Circle poly­
nomial expansion were accurate. Over the range of quadratic con- 
figurations investigated by Li where g 5. 0.5 the results are in 
essential agreement^but for the geometry corresponding to g = 0 ,2 , 
outside this range, it was found that it was not sufficient to 
assume that a gradual transition takes place between all of the 
properties of the mode structure of the configurations with g = 0 
to g « 0.5. The two most important properties of the mode structure 
of a cavity are their diffraction losses and transverse mode select­
ivity. The diffraction losses of the modes in the cavity of g = 0.2, 
as expected, were found to exist between those of the cavities with 
g ta 0 and 0.5, but the transverse mode selectivity of the cavity 
g = 0.2 was found not to be necessarily greater than that of the 
cavity with g « 0.5. It has been assumed in the past that the 
nearer to the confocal geometry the quadratic cavity geometry 
approaches, the greater is its transverse mode selectivity but the 
above result shows this to be a false assumption.
The quadratic cavities investigated,with and without phase plates, 
had mirrors with equal apertures and radii of curvature but using 
the equivalent relationships of section 5.4 it was seen that the 
results apply to a wider range of quadratic cavity geometries.
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The effect of quarter wave plates on the mode structure of 
the quadratic cavities were investigated in section 5.3. It was 
found that the resultant effect on the structure was similar to 
that experienced in Chapter 4, on the mode structure of the con­
focal cavity, and as expected the closest similarities occurred, 
with the quadratic configurations, nearest to the confocal cavity.
The quarter wave phase plates were found to increase the transverse 
mode selectivities of cavities from the confocal g = 0 to the cavity 
with g = 0,5 in the range N <8, The effect of the phase plates on 
the mode structures of cavities outside this range was somewhat 
erratic while the increase in the selectivity gradually fell off 
with increasing g. In the quadratic cavities with g > 0.5 and 
Fresnel number N <8 the modes are substantially perturbed by the 
finite mirror apertures, however, for the confocal cavity of small 
Fresnel number, where the modes are also substantially perturbed 
by the finite mirror apertures, the increase in the transverse mode 
selectivity was similarly reduced. Therefore it is possible that 
with cavities of larger Fresnel number the structures in the range 
g >0.3 will exhibit a more general increase in selectivity while 
the fall off in the increase of selectivity, as g increases from 
zero to 0.5, will gradually disappear.
Over the studied range of Fresnel numbers, the modal fields in 
the quadratic cavities did not have constant phase over the surfaces 
of the mirrors, as is the case when N is very large, and this was 
increasingly so as g was increased. It was assumed that this
accounted for the erratic effect of the quarter wave plates on the 
g = 1 cavity, and an explaination was offered to explain the decrease 
in the modal losses at certain values of although the losses never 
became less than those in the cavity without phase plates. This
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69result, agrees with the work of Checcacci who analysed the effect 
of ^  phase plates on the Fabry Perot étalon g » 1, and found that 
at certain values of Ng the losses of the dominant mode actually 
decreased below their value for the cavity without phase plates, 
the predominating effect of the phase plates therefore being to pro­
duce constructive interference within the cavity.
In Chapter 4 it was shown that it was sufficient to consider 
phase plates of optical thickness z less than or equal to ^  in the 
confocal cavity, other thicknesses finding equivalent geometries in 
this range, the same is true of phase plates in quadratic cavities. 
However, in this Chapter the effect of phase plates other than the 
quarter wave plates,or of partially transparent plates,on the mode 
structures of the quadratic cavities has not been determined but the 
effect of these,on the cavities in the range 0 g 0.5;are ex­
pected to be similar to their effect on the mode structure of the 
confocal cavity*
drasticallyThe ability of the phase plates to change/the mode structure 
of the quadratic cavities is self evident from the results; While 
the phase plate characteristics may be simply varied. Chapter 4, 
this may lead to several practical applications of these elements 
where this property is required such as modulation and Q switching 
of the laser output. While the increase in transverse selectivity 
may be used in the single mode operation of lasers.
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CHAPTER 6
Experimental Investigation at X-Band Microwave Frequencies of 
Quarter Wave Phase Plates in the Confocal Resonator
6.1 Introduction
In this Chapter a microwave experiment is described which is 
designed to provide an experimental confirmation of the effect of 
quarter wave phase plates in a confocal cavity, of Fresnel numbers 
investigated theoretically with the aid of Zernike Circle poly­
nomials in Chapter 4. The cavity will be formed by two spherical 
mirrors of equal circular apertures separated by their common 
radius of curvature. The phase plates will be inserted with dif­
fering apertures and the Q of the structure measured,when the 
dominant Tooq mode is resonating. The values of the Q will 
determine the fractional diffraction power loss of the mode per 
cavity transit.
6.2 The Confocal Cavity at X-Band Microwave Frequencies
The experiment was carried out at X-band microwave frequencies 
so that the sophisticated measuring techniques which are available 
at these frequencies could be used, while at the same time the 
cavity dimensions were of managable proportions. At higher fre­
quencies these sophisticated measuring techniques are not avail­
able while at lower frequencies the cavity dimensions become too 
large. ’
The mode structure of the confocal cavity with or without 
phase plates does not depend specifically on the frequency of the 
electromagnetic fields within it, or on the cavity dimensions, but
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rather on the Fcesnel number of the resonator and phase plates as 
defined in Chapter 4. When designing a cavity for operation at 
microwave frequencies it is therefore necessary only to fix the 
values of the Fresnel number and to observe the approximations, 
equations (4.2.3) and (4.2.4), within which the mode structures 
have been formulated and determined. The tolerances of the com­
ponent elements will depend on the frequency in the normal way and 
one of the aims of the experiment is to determine the magnitude 
of these tolerances before their effect becomes important.
At X-band microwave frequencies the wavelength is approximately 
3 cm therefore designing the confocal cavity,with equal mirror 
apertures,to have a Fresnel number N of Zir, « 1, the aperture 
radii of the mirrors *a* and their axial separation *b* are 
governed by the relationship
rg- » 3 cm      (6.2.1)
The parabolic approximation equation (4,2&3) must be obeyed there­
fore
b 2 .2(%) »  bS   (6.2.2)
Fox and Li^ have shown that this condition is not too stringent and
'ba' 'bX
mode structure. The scalar formulation of the mode structures of
as they demonstra~)^/§~)2/^ = 5 will yield a substantially unchanged
open resonators also requires that the cavity dimensions be large 
compared with the wavelength. - Therefore for the above reasons,and 
the availability of components,the cavity dimensions used in the 
experiment were a = 12 ins; b = 120 ins. The dimensions chosen
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were both large compared with the wavelength while satisfying
equation (6.2.1) for a presnel number of 2ir and the ratio 
b 2 «2(~) /-g- - 100, the practical cavity will therefore satisfy the 
conditions under which the theoretical calculation of the mode 
structure,using the Zernike Circle polynomial method,are made.
It is necessary to relate the fractional diffraction power 
loss of the modes per cavity transit in the practical resonator 
to the Q. There seems to be some doubt in the literature as to 
the correct expression for Q in terms of this loss, Fox^, Boyd^^, 
Schelbe^^. This seems to arise mainly because of the adaption 
of known expressions for other systems, other than open resonators, 
and from the several definitions of this quantity. The differences 
between these expressions are very small when the diffraction losses 
of the mode are also small, this being the conditions under which 
they have been applied, but in the experiment proposed here some 
of the diffraction losses may be quite large. What is really re­
quired is to relate an experimentally measured quantity to the dif­
fraction loss of the mode. In this experiment an electromagnetic 
field was coupled into the resonator from a source of constant 
amplitude and the quantity measured was the power coupled out of 
the cavity as the frequency of the source,and therefore of the 
resonating electromagnetic field in the cavity,was varied. In the 
following section this measured quantity will be related to the 
diffraction loss of the resonating mode and an expression for the 
Q will be derived corresponding to one of the usual definitions 
of this quantity.
6.3 Relationship Between the Q and Mode Diffraction Losses
Consider an open resonator. Fig. 6.1, formed by two reflecting
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Ray representation of the diffraction limited m o d e in 
an open resonator «
^ Ô ^  Fn <£
8 »= Ep,
Uo
Response curve at the output coupling as the frequency F
of the oscillating mode is varied •
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mirrors between which the mode will oscillate, with coupling to the 
cavity represented by the two coupling loops at the reflectors.
It is assumed this coupling is weak enough not to disturb the modal 
fields at the reflectors. If the cavity is symmetric about its 
centre then the modes which may exist in the resonator are character­
ised by transverse field distributions on the surfaces of the 
mirrors which reproduce themselves, to within a constant of pro­
portionality, after a single transit of the cavity. The constant 
of proportionality containing 0^ and “•, the fractional diffraction 
power loss and phase experienced by the mode during the transit#
Due to these characteristics the modes of the cavity may be simply 
depicted by the ray representation of Fig, 6,1 which iS usually 
applied to the plane wave mode approximation of the Fabry Perot 
étalon Longhurst^j" although in this case the rays are always 
parallel to the cavity akis.
Other losses may occur at the mirrors, as well as that due to 
diffraction, some of the amplitude of the mode will be lost through 
the coupling loops and some due to the imperfect reflectivities of 
the mirrors. If the mirrots have uniform reflectance over their 
surfaces then the transverse mode distributions will be unaffected, 
and as the mode fields over the surfaces of the mirrors are the 
same at successive reflections,except for a constant,these two 
additional loss mechanisms may be represented by 6^ and 6 , when 
the loss^are the same for both mirrors, where 6^ and 6^ are the 
fractional power loss per cavity transit due to reflectivities and 
couplings respectively. Therefore the total fractional power loss 
of the modes per cavity transit is 6 where
6 « ôp + 0^  +6^   (6,3,1)
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If R is the total reflectivity at the mirrors then
R = 1 - 6    (6.3.2)
If the cavity is continuously coupled to the source, random field 
distributions emitted by the input coupling loop may be considered 
as a combination of the modes of the cavity, then the total field 
detected by the output coupling due to one mode is Z where
Z = K + A^R©\^.+ e“^“® ...............    (6.3.4)
R and ^  being the reflectivities and phase path associated \d.th the 
mode for one cavity transit, A^ is the amplitude of the mode re­
ceived at the output coupling loop direct from the input loop and K 
is the proportion of the modal field coupled out of the cavity. 
Therefore summing the series equation (6.3.4) to infinity the in­
tensity I,detected at the output coupling loop,is
A 2
I = |z|2=.............................       (6.3.5)1 + - 2R cos G
After some manipulation equation (6,3.5) becomes
A ^
1 ~ ~ ~ g g (6.3.6)(1 - R) + 4R siiT Y
Therefore from equation (6.3*6) it can be seen that the maximum
intensity recorded by the output coupling loop occurs when sin %  = 0e
or when ~  = qy; where q is an integer. From equation (6.3,5) it 
can be seen that 
A ^
...........
Substituting equation (6.3.7) into (6.3.6)
I  --------— ..........................     (6.3.8)
(1 + — ^ - -  sin^
(1 - R)^ ^
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The transit phase ^  for the modes of the open resonator may generally 
be expressed in the form, section 1.3
s ° Sg + ..............  (6-3.9)
GWhere is the transit phase due to the geometric path between the
two reflectors the additional phase shift, associated
with the T . nrade, depends only on the transverse mode numbers p and & pJoq
and is independent of the wavelength in the confocal cavity, equation 
(2.1.1), and also in the first loss region of the confocal cavity 
with phase plates, figure 4.5. If is the resonant frequency of 
the mode, it satisfies equation (2.1.1) and therefore the condition 
that sin ^  ® 0, where
e 2ïïbF e
y  = — --- + = qiT   (6.3.10)o
Where u^ is the velocity of light in the medium in which the cavity 
is immersed. Changing the frequency of the source, and therefore of 
the electromagnetic fields in the cavity, from F^ to F^ + AF then
I  “ ^  i?o   (6.3.11)o
Combining equations (6.3.10) and (6.3.11) it is seen that
s W  « sinf AF)     (6.3.12)o
Substitution of equation (6.3.12) into (6,3.8) yields
.......   (5.3.13)
1 + 4(1 - 6) sin^ (-2—  AF)J62 o
If the frequency of the source is changed by AF, from its re­
sonant value, then the modal intensity measured at the output coupling 
loop will fall from I^^^ to the value given by equation (6.3.13).
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Therefore, varying the frequency of the source about its resonant 
frequency will produce a response curve, at the output coupling 
loop, depicted in Fig. 6.1.
If AF^ is the frequency change, from resonance, required to 
reduce the detected intensity to half its resonant value then the 
Q of the cavity is defined as 
F
Q = 2AF (6.3.14)
Where 2AF^ is the frequency width of the response curve at its half 
power points. Putting I = and AF - AF^ into equation (6.3.13)
it is seen that
4 sin^ (—  . AF ) = 16^  o
Substituting equation (6.3.14) into (6.3.15) gives
i2(1 “  6)
ïïb
Xq sin”!
2(1 - 6)
(6.3.15)
(6.3.16)
Where
. -1sin 2(1 - 6)^ 2(1 - S) (6.3.17)
This approximation gives an accuracy in Q of 1% for values of 6 less 
than 0.3.
The expression relating the Q of the cavity to the fractional 
diffraction power loss per cavity transit of the mode is therefore 
given by equation (6.3.16) via equation (6.3.1) or by the approxi­
mate expression
_ 2ïïb >/l - 6
Xo«5 (6.3.18)
-225
In the above analysis it is assumed the diffraction, coupling and . 
mirror reflection losses are the same for both mirrors but if this 
is not the case then
R = [(1 - 6- - 6 - 6 ) (1 - 6 - S - Ô   (6.3.19)^1 ^1 ^1 ^2 ^2 ^2
where the suffix (1) and (2) apply to the values of the loss 
quantities at mirrors (1) and (2) respectively. Therefore putting 
equation (6.3.19) into (6.3.2) the expression for the Q of this 
cavity is obtained directly from equation (6.3*16). Open re­
sonators symmetric about their centres have equal diffraction 
losses at each mirror
6 ^ 2D "*"^0 . i . (6.3.19 )
Therefore for these resonators from equations (6.3.19), (6*3.18)
and (6.3.2) neglecting second order terms
Ô + 6 Ô 4" Ô
6 = 6^ + ( r ^ -----) + (— '"^=“2--- )    (6.3.20)
With a confocal cavity of Fresnel number N ~ 2tt , containing quarter 
wave phase plates, the dominant mode will have fractional diffraction 
power losses per cavity transit,over the first loss region,in the 
range
0.0005 < 5^^ 0.5    (6.3.21)
At the 3 cm wavelength of the X-band microwave frequencies and with 
the dimensions of the practical cavity chosen it can be seen by 
substituting these values , where 6 = 5^
ignoring other losses, into equation (6.3.18) that the range of Q’c 
to be measured in the experiment will be approximately
10® ^ Q ^  10 ^   (6.3.22)
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6,4 Design and Tolerances of the Experimental Cavity
The spherical mirrors were moulded in epoxy resin and had
a radius of curvature equal to b of 120 ins., the manufacturing
tolerances were such that the surfaces were accurate to
To produce a uniform,highly reflecting surface the mirrors, Beyer
and Schetbe^^, were coated with aluminium foil of thickness 0,002
7 3cms and conductivity 3,3 x 10 mhos m , At the X-band frequency
of 10^^ hertz the skin depth is 0,0001 cms. Assuming plane wave
incidence on the mirror surface the fractional reflection power
72loss is given by Stratton as
/2ïïFa
J - T ^= 2 J —  .................    (6.4,1)
Where is the permitivity of free space, a the conductivity of 
the foil and F the frequency of the incident field. Therefore from 
equation (6,4,1) the calculated reflection loss at the foil mirror 
surface is
6^ = 0,00035     (6,4.2)
Over the first loss region of the confocal cavity with phase plates 
the resonant frequency of the dominant Tooq mode will be the same 
for different values of the phase plate Fresnel number-N^. There­
fore the mirror reflection power loss,equation (6.4.1),will not vary 
and may be considered as a constant throughout the experiment.
Therefore to determine the value of 5^, the power loss due to 
diffraction at each mirror,it is not necessary to have an exact 
value for <5^  ^as this may be eliminated but it is necessary to have 
a small reflection loss to prevent this loss masking the diffraction 
losses equation (6.3,20), As the smallest diffraction power loss
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at each mirror to be measured is 0*0005 then the reflection loss 
of the aluminium foil equation (6.4.2) is acceptable.
The dominant Tooq mode will oscillate at several frequencies, 
characterised by the longitudinal mode number q, where from equations
(6.3.10) and (2.1.1) the resonant frequencies are governed by the 
equation
2ïïbF
qir = — —  4     (6.4.3)
Therefore the frequency spacing between these resonances is 
determined from equation (6.4.3) where q q + 1,
2nb(F + AF )
(q i- l)iT = — ---^ ^ .................... . . (6.4.4)o
Substituting equation (6.4.3) into (6.4.4) gives
= S  .................  (*-4.5)
Therefore in the practical resonator the frequency spacing between 
two longitudinal resonances is approximately 50 x 10^ hertz.
It can be seen from equation (6.4.3) that the experimental 
cavity is extremely sensitive to changes in its length. Let b in­
crease by Ab giving rise to a change AF in the resonant frequency 
of the mode,then from equation (6.4.3)
2w (b + Ab) (F + AF) 
qïï  --- ---— ^--------- - “ ^  ... i. ii . ...... (6.4.6)
o
Substituting equation (6,4.3) in (6.4.6) ignoring second order 
terms gives
A_F _ Abro
It can be seen from equation (6.4.7) that the resonant frequency of 
the mode will change by 30 x 10^ hertz per centimetre change in the
F b   (6.4.7)
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mirror separation. The maximum Q to he measured in the experi­
ment is 10^,equation (6.3.22), and from equation (6.3.14) the half 
power width of the response curve at this value is 10^ hertz. In 
other words it only requires a change in b of 0.0003 cms to shift 
the resonant frequency through its half power width. The experi­
ment was therefore extremely sensitive to vibrations which might 
change the separation of the mirrors while the frequency width of 
the Q curve was measured.
The experimental cavity can be seen in the photographs,
Fig. 6.2, the mirrors were supported at their centres with a 
universal joint which allowed free angular movement of the mirror 
about the cavity axis while the cavity length may be changed by 
±1 cm for each joint. Four adjusting screws were mounted on the 
supporting dexion frame making contact with the back perimeter of 
the mirrors so as to provide angular adjustments about the 
tangential and sagittal planes of the mirrors.
The cavity was supported on a rigid dexion frame covered with 
rubber sheeting which absorbed X-band radiation. This absorbing 
material was to prevent the radiation loss from the cavity being 
reflected back into it. Most of the frequency dependent dif­
fraction loss of the resonant Tooq mode occurs at the immediate 
vicinity of the mirror edges and it is the re-entry of this fre­
quency dependent loss which m i l  affect the Q of the cavity. The 
reflections from the dexion framework will be derived from the 
input coupling and,over the small frequency width of the Q curve, 
may be considered as constant. The rubber sheeting thus serves 
to reduce the background radiation detected by the output coupling. 
Reflections from obstacles around the mirror edges were coated
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with the more efficient anti-reflection carbon impregnated poly­
styrene.
Coupling to the cavity was by two electric dipoles, one at 
each of the mirror centres, the length of the dipoles were less 
than half a wavelength so that the coupling to the cavity could 
be consistently reduced by shortening their length. The trans­
mission type cavity was used as the coupling to the cavity must 
be very small at these high Q values and the response curve,if 
detected at the input,would be masked by the reflection from it,
6,5 Q Measurement Techniques
73The standard methods of measuring the Q, Ginzton , of a 
resonant cavity is to vary the frequency of the signal source 
keeping its output power constant. The frequency is monitored 
by a frequency measuring device such as a wavemeter, while the 
output power from the cavity is detected and measured. Alter­
natively the frequency of the signal source may be kept constant 
and the cavity tuned by changing its length. The response curve 
Fig, 6.1 may then be plotted and its half power width measured.
The major drawbacks of these methods are the comparatively 
long time it takes to produce the Q curve. The output frequency 
of the signal source must remain constant over this measuring 
period to 1 in 10^ for an accuracy of 1% in a measured Q of 10^. 
These stabilities are not easily achieved at X-band frequencies, a 
free running Klystron, after the usual precautions have been taken, 
will have stabilities rarely better than 1 in 10^ per hour or 1 in 
10^ per second. The Klystron stabilities may be improved with 
the use of feedback from a high Q reference cavity as in the Pound^^,
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75Foster Seeley systems. The required stabilities of the signal 
source may therefore be achieved and a Pound system has been 
applied to the measurement of the Q of a confocal cavity, B e y e r .
These methods are however basically unsatisfactory for the 
open resonators at X-band frequencies as although the source may 
be stabilized, the cavity itself is not. As was pointed out 
previously, a change in separation of the mirrors of 0.0003 cms, 
during the measuring period, will cause a possible error of 100% 
in the measurement of Q, when this is of the order of 10^.
The stability requirements of both the cavity and signal
source may be met by reducing the measurement to as small a period
of time as possible. This may be achieved with the dynamic
73methods of measuring Q, Ginzton , where the frequency of the 
signal source is swept rapidly about the resonant frequency of 
the cavity while ensuring that the output power of the source is 
constant, the response curve being displayed on an oscilloscope.
In the case of a reflex Klystron the frequency may be swept, while 
the output power remains constant, by electronic tuning. Using 
this technique the frequency of a Klystron may be swept rapidly 
about the resonant frequency of the cavity. However, although 
the stability requirements of the source and cavity will be re­
duced by increasing the rapidity of the sweep this must not be 
too rapid as the fields of the resonant mode need time to establish
themselves, Sodin^^, in other words the reciprocal of the decre-
73ment period, Ginzton . In the case of a free running Klystron
and a Q of 10^ a sweep repetition rate of 50 hertz will satisfy this
requirement while the stability of the Klystron will be 1 in 10®,
77Chamberlain
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The frequency and power output of the reflex Klystron, used 
as the signal source in the experiment, as the reflector voltage 
is varied,is shown in Pig. 6,3, It can be seen from this figure 
that,over a certain range, the frequency output of the Klystron varies 
linearly with the reflector voltage while the output power remains 
constant. It is over this region where the reflex Klystron may 
be usefully applied as a frequency source for the dynamic methods 
of measuring the Q of a cavity, the required frequency sweep being 
achieved by applying a sawtooth voltage signal to the reflector.
It can be seen from figure 6.3 that for an allowable intensity 
modulation of 5%,in the source output power , the useful fre­
quency range of the Klystron is ±9 x 10^ hertz, permitting a minimum 
3Q of about 10 to be measured. The dynamic methods of measuring 
the Q of a cavity are therefore particularly suitable for open 
resonators with low diffraction losses. If the cavity is coupled 
to the swept source and the power at the output coupling detected 
then the response curve figure 6.1 may be displayed on an oscillo­
scope, the response curve being repeated for each cycle of the re­
flector modulation voltage.
The difficulty in these dynamic methods is the superposition 
of the correct power and frequency scales on the oscilloscope dis­
play, so that the half power width of the response curve may be 
measured, and it is the means of achieving this which distinguishes 
the various methods. The power scale on the Q curve may be in­
ferred from the response law of the detector.
The simplest method of superimposing the frequency scale is by 
using a standard variable cavity,such as a wavemeter,as a reference.
In this method a small fraction of the source output is coupled to 
the reference cavity which will absorb a greater proportion of the
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power incident up^n it when the frequency of the source is the same 
as the resonant frequency of the reference cavity. If the Q of the 
reference cavity is greater than the Q of the cavity to be measured 
then the resonant frequency of the reference cavity will be dis­
played as a small dip on the response curve of the oscilloscope 
trace. The dip is then a frequency marker which, by varying the 
resonant frequency of the reference cavity, may be used to measure 
the frequency width of the response curve at its half power points. 
However, this method is unsuitable for the open resonator at the 
larger Q values, of the range to be measured, because of the finite 
time it takes to position the marker. As pointed out previously 
the resonant frequency of the open resonator is very susceptible 
to vibrations causing the whole response curve to drift relative 
to the frequency marker. It was therefore necessary to adopt a 
more sophisticated method of superimposing the frequency scale.
Their are many such methods available one of the most recent 
being that due to Chamberlain^^, which is particularly easy to apply 
while requiring no special apparatus,and was the one chosen for 
this experiment. In this method the cavity to be measured is made 
to produce its own frequency scale,via frequency modulation of the 
reflex Klystron,in such a way as even to make the location of the 
half power points on the response curve unnecessary. Using the 
cavity as its own marker utilises its high Q value while at the 
same time ensuring that the frequency scale will drift with the 
response curve.
Consider a source emitting a sinusoidal signal of amplitude A 
and angular frequency then if the source is frequency modulated 
sinusoidally with a modulation index m and angular frequency w, the 
resultant output signal is represented by
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A cos (w t + - cos wt) . . . . . . . . . . .  (6-5.1)O (0
The instantaneous output frequency of the source is
w = (w t 4* B  cos lût) = w ~ m sin wt (6.5.2)c at o ÜJ o
Expanding equation (6.5.1) in terms of Bessel functions it may be 
78shown that,Starr
A cos (w t + —  cos üJt) *= A J (~) cos w t * A J_ (™) o u )  O O) o 1 w
 ........  (6.5.3)[sin (w^ “ (i))t •* sin (w^ + w)t] ....
Therefore from equation (6.5.3) the frequency spectrum of the fre­
quency modulated source is characterised by a centre frequency , 
which is the same as the unmodulated source, this component having 
amplitude A (B), and side band frequencies (w^ ± nw) with n an 
integer, having amplitudes A (^). If the modulation index is 
such that (S) = (B) then the centre frequency component and
the first two side bands will have equal amplitudes. This occurs 
when ~  = 1,435 where(Ü
(1.435) = (1.435) = 0.548     (6.5.4)
Therefore under these conditions the power of the centre frequency 
and the first side bands relative to the power of the unmodulated 
source from equation (6.5.4) is
(à .9:548)^ ^ 0.3003    (6.5,5)
The frequency modulation of the reflex Klystron is achieved 
over the linear portion of its output characteristic figure 6.3 in 
the following way. Applying a sinusoidal signal to the reflector 
of V = sin lot, where is the voltage amplitude and to the angular
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frequency of the signal, with the Klystron operating at the centre 
of its linear characteristic, reflector voltage ~ 262 volts 
output frequence F^« Then the instantaneous voltage applied to 
the reflector is
V = V - V, sin wt     ... (6.5.6)c o l
Therefore the instantaneous angular frequency of the Klystron output 
is
w = Ü) “ K, sin wt c o l
Where K^ = V^L and L is the slope of the Klystron characteristic. 
Therefore the reflex Klystron,frequency modulated by the above 
method,is coupled to the cavity.
If the 50 hertz triangular signal is applied to the reflector 
together with the frequency modulating sinusoidal signal then the 
frequency spectrum, equation (6*5.3), is swept over the linear 
portion of the Klystron characteristic. With the resonant fre­
quency of the cavity positioned near the centre of this character­
istic, the response observed at the output coupling is given by 
curve (1), figure 6.4. Several Q curves of the cavity are
reproduced as each of the components,of the frequency modulated 
Klystron output,are swept over the resonant frequency of the 
cavity. The Q curves of the centre frequency and first sido 
bands having equal maxima if the modulating condition, equation 
(6*5*4) is obeyed. The response curve (1) is reproduced at 
both the negative and positive voltage sweeps of the triangular 
modulation.
The sinusoidal frequency modulation is switched so that it is 
applied to the reflector at every other cycle of the triangular 
modulation. The cycle,when the frequency modulation is not
•* 25 6—
applied,will give a response curve equal to curve (2), figure 
6.4, producing a single resonance due to the sweeping centre fre­
quence of the Klystron, Therefore by suitable triggering of 
the oscilloscope the response curves (1) and (2), figure 6.4, 
due to alternate cycles of the triangular modulation,may be 
superimposed. This display then contains all the information 
required to measure the half power frequency width of the Q 
curve (2) and hence the Q of the cavity.
The frequency spacing of the resonances in curve (1) are 
know from the frequency w ,of the applied sinusoidal frequency 
modulating signal,and hence the frequency scale on the oscillo­
scope display is established. Adjusting the voltage amplitude 
of the frequency modulating signal to satisfy equation (6.5.4), 
the maxima of the Q curves in curve (1) for the first side bands 
and centre frequency are the same. However, the level on curve (2) 
at which these maxima occur is given by equation (6.5.5). There­
fore measuring the frequency width 2Af^ of the Q curve (2), at this 
level,will yield the Q of the cavity. The power level of the re­
sponse curve (2) at a frequency AF^ from the resonant frequency,
equation (6.3.13),is given by
..........  (6.5.7)
O
But from equation (6.3.16) 
62 sin- (---)    (6.5.8)4(1 -4) X Qo
Substituting equation (6.5.8) into (6,5.7)
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I si*:= 1 + ....... ......  ............ ......... (6.5,9)
However, from equation (6.5.5) the value of is know, therefore
substituting into equation (6,5,9) gives
,i„2 (Jp AFg)
2.330 = --------2..... .....................  (6.5.10)
(f#)
Measuring the resonant frequence of the cavity, by means of a 
wavemeter, then the Q of the cavity is determined from equation
(6,5,10), Using the approximation that sin^ 0 = 9^ , applicable 
where the single transit fractional power loss of the mode is less 
than 0.3,then equation (6,5,10) is reduced to 
1.526 F
Q “ -2~S?— ° .....................  (6.5.11)8
Due to the instabilities of the cavity the oscilloscope display will 
gradually drift therefore a photograph of the display was taken so 
that the above measurements could be made accurately.
6.6 Lining Up Procedures and Preliminary Measurements of the Confocal 
Cavity Without Phase Plates
The microwave circuit used for the measurements of Q by 
Chamberlain’s method is shoTfn in Fig, 6.5. The output of the cavity 
detected and displayed on the oscilloscope, due to the very weak
coupling into the cavity it was necessary to amplify this signal.
The frequency modulation of the Klystron was controlled by varying 
the amplitude and frequency of the high frequency source applied to 
the reflector. With the high frequency source switched off the
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coupled arm (1) was used to locate the linear region of the Klystron 
characteristic which,as can be seen from Fig. 6.3,is recognised by 
the absence of amplitude modulation in the Klystron output. The 
linear characteristic was then positioned about the resonant fre­
quency of the cavity by adjusting the resonator and reflector 
biasing voltages. The wavemeter in the coupled arm was used to 
measure the resonant frequency of the cavity, while care had to 
be taken to avoid unwanted resonances in the input and output arms 
of the microwave circuit.
The alignment of the mirrors was achieved with the four ad­
justing screws on the back of each mirror which provided angular 
adjustment in the two orthogonal planes perpendicular to the 
plane of the mirrors. During the alignment procedure two of 
the adjusting screws were removed and replaced by light springs, 
the remaining two screws together with the universal joint providing 
the three point contact on the back of the mirror necessary for 
their adjustment while avoiding any distortion of their surfaces. 
After the alignment was completed the screws were replaced to hold 
the mirrors rigidly in place. One of the advantages in using
the confocal cavity is its insensitivity to mirror misalignments,
23Kogelnik . The two mirrors were mounted and their axial separa­
tion adjusted to 120 ins,by a metre rule,to an accuracy of in.
The two angular adjustments of each mirror were sufficient 
to achieve complete alignment of the cavity, which was performed 
in the following way. A point source of light was placed at the 
perimeter of one of the mirrors,let this be mirror (1), The 
other mirror, mirror (2) was then adjusted until the source was 
imaged at the perimeter of mirror (1), diagonally opposite the
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point source, thus providing alignment in one of the planes of 
mirror (2)• The point source of light was then rotated 90° 
around the perimeter of mirror (1) and the above process re­
peated f this provided alignment in the other orthogonal plane 
of mirror (2), The source was then transferred to the perimeter 
of mirror (2) and the above process repeated to provide alignment 
of mirror (1),
The surface of the mirrors were not of optical quality and 
therefore the image was poor but a recognisable image of approxi­
mately 1” in diameter was obtained,giving an angular tolerance 
of *7*. It was not clear from the literature whether this 
accuracy was sufficient, and therefore to test this, the mirrors 
were deliberately misaligned and the Q of the cavity measured 
for the resonating dominant Tooq mode* Typidal results are 
shown in Fig, 6,6 where one of the mirrors has been tilted in 
one of its planes, measured by the displacement of the point 
source image, and it can be seen that the diffraction loss of 
the dominant mode is not increased until the angular displacement 
is of the order of 40*,
The initial values of Q measured for the confocal cavity 
were lower than expected,being of the order of 10^ as against 
the calculated values of 5 x 10^, As the calculated values 
agree with those of Fox and Li^, and these have been tested 
experimentally before Beyer^P the difference must be due to 
the apparatus.
It was possible that the coupling to the cavity was too 
large and therefore this was reduced,by shortening the electric 
dipoles while keeping the input and output couplings approximately
-242-
equal o The observed Q values did not however improve and there­
fore it was concluded that the coupling had negligible effect on 
the modes of the cavity.
It was also possible that the resonance curve of the cavity 
was artificially widened by Klystron or cavity instabilities which 
might have been greater than expected. The Klystron and its 
power supplies were tested under their operating conditions, by ob­
serving the Klystron output on a spectrum analyser, but the band­
width was fairly constant at 3 Kc and therefore could not account 
for the decrease in the measured Q, The cavity instabilities 
were checked by firstly strengthening it and secondly performing 
the measurements at night,when building vibrations were considerably 
reduced,but no improvement was recorded.
This narrowed the possibilities to the mirror quality but 
from the calculated reflection loss of the aluminium foil surface 
this seemed to be an unlikely cause, but to check, the mirrors 
were recoated several times without effect. The mirror sur­
faces were made to a tolerance of * ,while the error in the
confocality of the system of in corresponds to a surface
X 79tolerance of ±-jQQ,and from the work of Checcacci these tolerances
should be sufficient. However, it was observed that the value
of Q measured gradually declined and it was therefore suspected
that the mirrors were distorting. The cross section of the
mirrors were therefore checked and it was found that the tolerance
of the mirrors had deteriorated to the distortion was such
as to increase the curvature of the mirrors. Recalculating the
mode structure of the confocal cavity with mirror cross-sections
corresponding to this distortion it was found that the diffraction
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losses of the dominant mode had increased to values corresponding 
to a Q of 10^. Attempts were made to correct this distortion 
but they proved to be ineffective. It was difficult to pin­
point the cause of this distortion which might have been due to 
the method of support and adjustment or to the shrinkage of the 
epoxy resin. The effect of distortions cannot be considered 
as a linear effect as the modal distributions on the surface of 
the mirrors change with different phase plate apertures. However, 
as can be seen from Fig. 5,17 the diffraction losses of the 
dominant Tooq mode for cavities containing quarter wave phase 
plates, with geometries near to the confocal geometry, are 
practically the same at the high diffraction loss end of the first 
loss region; While if the distortion is considered to give rise 
primarily to a linear loss term, equation (5,3.1), then the agree­
ment between the two sets of diffraction losses is even better.
Fig; 5,17* Therefore, proceeding with the experiment the measure­
ments were restricted to the high loss end of the first loss region 
and the difference between the diffraction losses of the cavity 
without phase plates,as measured and calculated,was considered as 
a linear loss throughout the experiment. On this basis the 
measured diffraction loss and the calculated values should be in 
good agreement while the experiment should demonstrate the 
characteristic effect of phase plates, namely that over the first 
loss region the diffraction losses increase steadily while the 
resonant condition of the mode remain unchanged,
6,7 Phase Plate Design and Alignment
Using a slab of dielectric as the phase plate  ^of thickness
71t and dielectric constant a, then it is vjell known Longhurst ,
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that the transmitted power through the dielectric slab,assuming 
normal plane wave incidence,is a maximum if
2a^t = nX........................... . . ............ (6.7,1)
where n is an integer; The most common and inexpensive dielectrics 
are those with dielectric constant 2.25, therefore if these are to 
be used the thickness required for zero reflection is from equation 
(6,7,1)
t =-îy.............................. .................... (6.7.2)
To be able to use the cheaper dielectrics,to produce the required 
phase delay and at the same time satisfy the condition for zero re­
flectance, a single phase plate of optical thickness z = the 
centre of the cavity,was used instead of two phase plates,one at 
each mirror surface, Fig, 4.15, Using this configuration also 
alleviated the necessity of having curved phase plates. Producing
the required phase delay of ^  through the dielectric !
z = (a^  - l)t = Y .................... ....... (6,7,3) ;
!
Therefore for a dielectric constant of 2,25 |
t « X.............................. ...................  (6,7,4)
Therefore a dielectric slab of thickness X and dielectric constant |
2,25 will satisfy both conditions, equations (6,7,3) and (6,7,1),
iA readily available dielectric material, chosen for the ex­
periment, was polythene which has a low loss tangent of 0,0005, 
giving rise to a negligible fractional power absorbtion loss for 
the 3 cm thickness of 0,004. Such a loss has negligible effect 
Fig. 4,10 on the mode structure of the cavity.
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Due to the contraction of the modal fields at the centre of 
the confocal cavity. Fig, 4.15, it is not necessary to have phase 
plates with large dimensions the dielectric sheet need only have 
dimensions of the order of the mirror dimensions, Beyer^^, and a 
sheet 3 ft square was used. The dielectric sheet was positioned 
at the centre of the cavity to an accuracy of cm in the plane 
perpendicular to the cavity axis. The positioning of the dielectric 
sheet at the centre of the cavity was not critical as the effect of 
the phase plate can be approximated by ratioing the aperture of 
the phase plate to the transverse modal field pattern which varies 
little along the cavity axis (4,15), The same argument applies 
to a tilted phase plate giving rise to a slight ellipticity of the 
aperture.
The supporting gantry contained adjusting screws and stops 
so that the tilt angle of the phase plate could be adjusted, while 
the stops were used to ensure that,after removal for cutting, the 
phase plate could be accurately replaced in its former position.
The alignment of the phase plate perpendicular to the cavity 
axis was performed by the use of plumb lines and measurement, to
an accuracy of The phase delay caused by the phase plate was
measured by observing the change in resonant frequency of the mode
when the dielectric sheet was introduced and was found to be
*1 * an acceptable tolerance as can be seen from Fig. 4,16. To 
produce the above phase delay the resonant frequency of 9.01 x 10^ 
hertz,for the dominant mode,was used. Measuring the Q of the 
cavity with and without the dielectric sheet the fractional power 
loss per cavity pass due to the dielectric was found to be 0.003.
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The axis of the cavity had to be located on the dielectric 
sheet, so that the circular holes to be cut to form the phase 
plate could be located symmetrically about the cavity axis , 
this was achieved in the following way. A catho tome ter was 
placed about 15 ft from the back of one of the mirrors looking 
towards the cavity. With the dielectric sheet removed the 
cathotome ter position was adjusted until two corresponding points 
at the perimeters of the two mirrors were aligned with the cross 
wires of the telescope. The dielectric was then replaced and 
the point on its surface corresponding with the cross wires of the 
telescope marked. This was repeated at several points around 
the perimeter of the mirrors, the cavity axis was then simply 
obtained from these markers. It was assumed that the mirror 
perimeters were symmetric about the cavity axis,which was the 
case as these same perimeters were used to align the mirrorsè
6.8 Evaluation of the Measuring System and Results
Circular holes were cut in the polythene sheet about the 
cavity axis to form the phase plate. The hole aperture radii 
ranged from 16,4 cms to 22.4 cms,to cover the high diffraction 
loss end of the first loss region for the dominant Tooq mode.
It was found that Chamberlains method could not cover the 
whole range of Q to be measured with the apparatus available.
To apply the method to low values of Q < 10^ requires a frequency 
modulating source of very high frequency,to cover the large 
frequency width of the Q curve,while the voltage amplitude of the 
signal equation (6.5.6) also increases,to drive the reflector 
voltage across the Klystron characteristic. In addition, the 
Klystron frequency is swept over the majority of its linear
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characteristic leaving no room to sweep the side bands as well. 
Therefore, for Q values less than 10^ the frequency scale was 
superimposed on the response curve by using a wavemeter as a 
marker as described in section 6.5. The microwave circuit used 
for this method is shown in Fig. 6.7. The calibrated attenuator 
was used to locate the half power level on the response curve, 
while at resonance the wavemeter absorb some of the power reach­
ing the cavity causing a small dip in the response curve.
The instabilities of the caVity have less effect on the 
measurements at these low Q values due to the large frequency width 
of the curve, requiring from equation (6.4.7) a change in the 
mirror separation of 0.3 cms to shift the resonant frequency 
through its half power width. There was no noticeable drift 
of the response curve during the time it took to position the 
frequency markers. The main cause of error in this measurement 
was the calibration accuracy of the wavemeter.
The Q of the cavity was first measured without the phase 
plates, from which it was determined that the total fractional 
power loss of the mode per cavity transit was 0,0073. This loss 
was then considered linear throughout the experiment and contained 
the mode losses due to coupling ,diffraction and reflection losses 
at the mirrors. Therefore assuming a linear loss, if the total 
loss measured with the phase plates inserted was 6 then
6 = 6^ + 0.0073   (6.8.1)
Where 6^ was the fractional diffraction loss of the dominant mode 
per cavity transit due to the phase plates.
Performing the experiment for different phase plate apertures, 
by the two methods described above, and measuring the resonant
~ 25 O'»
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frequency in each case the results,tabulated in Fig. 6.8,were 
obtained. The total fractional power loss ô per cavity transit, 
in each case, wa? determined from the measured Q via equation 
(6*3.18), and the diffraction loss due to the phase plates 6^ 
from equation (6.8.1). The diffraction losses 6^ were calculated 
for the perfect confocal configuration using the Zernike Circle 
polynomial method. The diffraction loss of the dominant mode as 
measured and calculated are compared in Fig, 6.9 where both are 
plotted against the squared aperture radius of the phase plate.
6.9 Conclusions
Due to the distortion of the mirrors used in the experiment the 
cavity configurations investigated were restricted to those 
having relatively low Q values for the dominant mode. Neverthe­
less the measured values of the fractional diffraction power loss 
per cavity transit of the dominant Tooq modes are in good agree­
ment with the values calculated using the Zernike Circle poly­
nomial method assuming a perfect confocal cavity, Fig. 6.9.
Due to the mirror distortions the cavity could not be considered 
as a perfectly confocal configuration. The agreement of the 
results does however confirm the fact noticed with the calculated 
values of Chapter 5 , namely that the dominant Tooq mode in 
cavities near to confocal,containing phase plates, Fig. 5.17, 
will have substantially the same losses over the range of phase 
plate apertures corresponding to the high loss end of the first 
loss region.
The measured characteristics of the dominant mode had all 
the properties outlined in Chapter 4 for the first loss region.
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The resonant frequency of the mode, Fig* 6.8, was constant and 
the diffraction loss of the mode increased steadily with decreas­
ing phase plate aperture. Although the aims of the experiment 
were restricted by the quality of the mirrors the results provide 
confirmation of some of the effects of quarter wave phase plates 
in confocal cavities.
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CHAPTER 7
Summary and Conclusions
7ol Introduction
The mode structure of the diffraction limited open resonator 
are extremely difficult to determine. Although the more obvious 
configurations have been analysed, the many and varied practical 
applications of these resonators demand an increasing improvement 
in their properties. The aims of this investigation have been 
to simplify and reduce the effort required to analyse these 
structures, while investigating the role Zernike Circle poly­
nomials play in achieving this.
The proposed method was then applied to knoim structures for 
comparison with existing solutions. The technique, thus evaluated, 
was used to investigate the mode structures of cavities not pre­
viously analysed, with a view to improving the properties of known 
resonators. The theoretical results were then tested experimenta­
lly at X-band microwave frequencies.
The investigation falls into two sections which will be 
preserved in this summary. The first section of this Chapter will 
be concerned with the proposed method of analysing the general 
cavity and the evaluation of this technique on knoim structures.
The second section will summarise the main properties of the mode 
structures determined for the new cavity configurations, while 
outlining the potential practical application of these results.
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7,2 The Mode Analysis of the General Circularly Symmetric Open
Resonators
The mode structures of the open resonators were formulated with 
the scalar formulation of Fox and Li^ , Uhe approximations lead­
ing to this formulation being readily obeyed by practical configura­
tions, The general diffraction limited open resonators were in­
vestigated, the only limitation was that they be circularly 
symmetric about their axis.
The arbitrary reflectors of this general cavity were defined 
by reference to confocal surfaces. The difference between the 
actual mirror surface and the confocal surfaces were expressed by 
a distortion function 6(r). It was then possible to develop re­
lationships, in terms of the distortion functions, defining equiva­
lent open resonator geometries. These equivalent relationships, 
for the general cavity, were shown to be very useful in reducing 
the nmnber of cavity geometries which need to be analysed. Re­
ferring the mirror surfaces to the confocal surfaces did not limit 
the application of the formulation, but it was a useful approach 
if the properties of the confocal cavity, the most commonly used 
configuration in practical applications, were to be improved.
It was shown that the modal field distributions on the sur­
faces of the mirrors could be expressed as a series of Zernike 
Circle polynomials ^ where
V  “ I 4  + 2t s-i**   (7.2.1)
The integral equation defining the mode structure of the 
general cavity was then reduced to a matrix equation
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/     (7.2.2)
The solution of the matrix equation yielded the coefficients A^^ 
in the series equation (7.2.1) and the constants of proportionality 
, containing the diffraction losses and resonating conditions of 
the modes.
For a cavity symmetric about its centre, the elements of matrix 
were given by the equation
1
®ts = 2 (& + 2t + 1) (-1)^ I g-2jk6(ax) ^ i (Nx)
o
+ 2s (*)   (7.2.3)
Wliile the fractional diffraction power loss of the T^^^ mode per 
cavity transit was
......................' P&I
and the resonant condition was
qn = _ (& + 1) n of Y^^)    (7.2,5)
The method was extremely easy to apply to the general cavity, 
the only knowledge required was the shape of the reflectors. There­
fore, the distortion function could be determined and inserted into 
equation (7.2.3), yielding the matrix equation (7.2.2). The matrix 
equation could then be solved by standard numerical techniques.
It was anticipated that the Zernike Circle polynomial ex­
pansion for the modes would be most highly convergent at the lower
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values of the fresnel number, where the diffraction losses of the 
dominant mode are signficant compared with other loss mechanisms 
of the cavity. The method was repeated but with the Zernike 
Circle polynomials replaced by Gaussian Laguerre functions in 
equations (7.2.1) and (7.2.3), this expansion being most highly 
convergent at large Fresnel numbers. The integral equation was 
similarly reduced to a matrix equation (7.2.2), which gave the co­
efficients in the series of Gaussian Laguerre functions for the 
modal field distributions and the constants of proportionality
The resultant equations bore a resemblance to those of the 
Schmidt expansion techniques, Heurtley^^. The Schmidt expansion 
method was extended to deal with the general cavity and compared 
with the above method. The method adopted in this investigation 
waa found to have several advantages over the Schmidt expansion 
technique. The Schmidt expansion leads to rather complex ex­
pressions for the modal fields and matrix elements. The modal 
field distributions were given by a double series of Gaussian 
Laguerre functions, and the single Gaussian Laguerre function in 
the expression for the matrix elements equation (7.2.2), were re­
placed by a series of the functions. However, the major dis­
advantage of the Schmidt technique is that it requires an accurate
knowledge of the modal fields and diffraction losses, of the modes
in the confocal cavity, at each fresnel number of the general cavity 
to which the technique is applied. The methods outlined in this 
Chapter were, therefore, considerably easier to apply.
Some of the above disadvantages were overcome by Heurtley by
applying the technique to a narrow range of quadratic cavities with
very large presnel numbers N >25. Over this range of fresnel numbers
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the modal fields in the confocal cavity were approximated by a single 
Gaussian Laguerre function. Tlie similarity between the two methods 
was then very strong but the values calculated by Heurtley for these 
cavities were inaccurate. Therefore, due to the resemblence of 
the two methods it was necessary to investigate the cause of this 
inaccuracy. This was done and it was found that the approximat­
ion applied by Heurtley was incomplete. The approximation of a 
single Laguerre Gaussian function for the modes of the confocal 
cavity should have been follo\^ed by the assumption that the dif­
fraction losses of these modes were zero.
The usefulness of the Zernike Circle polynomial method, for
the general cavity, depended upon its convergence properties. To
test these the method was applied to a complete range of stable
quadratic cavities. These cavities were symmetric about their
centres and had Fresnel numbers N<8, these cavities ranged from
the confocal cavity g * 0, to the Fabry Perot étalon g = 1. The
matrix equation (7.2.2) was solved by the modified numerical
iteration technique of Bodewig, although there were many other
numerical techniques which could have been used and a review of
51these are given by Sanderson . The Zernike Circle polynomial 
series was found to be highly convergent, the rate of convergence 
depending on the Fresnel number of the cavities. It was seen 
that the rate of convergence was maintained over the whole range 
of cavities and was also the same for the dominant and higher 
order modes. Due to the higher diffraction losses of the modes 
in the plane parallel Fabry Perot étalon the method could be 
applied to larger Fresnel numbers of this cavity. It was 
concluded that the Zernike Circle polynomial method could be
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usefully applied to the general circularly symmetric cavity where 
the diffraction losses of the dominant mode are significant com­
pared with other cavity losses.
The convergence of the series determined the order of the
matrix equation required for accurate solutions. If the series
&could be truncated after P terms then the matrix JB was reduced 
to one of order (P x P). The convergence was compared with the 
power series expansion of the modal fields due to McCumber^^., for 
the confocal cavity of Fresnel number W = 0.8 x 2tt , it was 
shown that the Zernike Circle polynomial expansion was twice as 
rapid while,unlike the power series,the convergence was non 
oscillatory.
The direct numerical solution of the integral equation for 
the modes may be used to analyse the mode structure of the general 
cavity. There are a variety of these methods, Sanderson^^, Blok^^,
4Fox , however Sanderson has shorn that these methods may all be 
reduced to an equivalent matrix equation of the form equation 
(7,2.2). Therefore, they may be directly compared by considering 
the order of the matrix equation required to produce results of 
the same accuracy. All these methods,like the Zernike Circle 
polynomial expansion,require a larger order of the matrix equation 
as the Fresnel number of the cavities are increased. Although 
in this investigation it is proposed that Laguerre Gaussian 
functions may be used to maintain the convergence of the matrix 
equation at the larger values of the Fresnel number. As the 
convergence properties of these methods vary very little with the 
cavity geometries or mode numbers,it is sufficient to compare the 
methods for a single geometry and mode at a particular value of
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7 *2),Tabulated values of the transverse mode 
selectivity of quadratic cavities^for a 
practical operating condition „
Using the example^of single transverse mode 
operation, Kogelnik^^ and 11^9,the diffraction 
power loss per cavity transit of the Tooq mode 
is 1.5^^
Quadratic cavity 
S.
Transvers e 
selectivity for 
cavities without 
phase plates.
Transverse selec 
for cavities wi 
quarter wave ph, 
pi at es 0
0 10
0.2 7,5 15.2
0,5 7.0 7.8
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the fresnel number. In figure 7.1 the order of the matrix 
equation required by these methods,to obtain the same accuracy 
in the fractional diffraction power loss of the dominant mode in 
the confocal geometry of fresnel number K * 4, is shown.
To compare the behaviour of the most highly convergent 
numijerical technique, Gaussian quadrative, and the. Zernike Circle 
polynomial method with increasing Fresnel number , the order of 
the matrix required when W = 8,for the dominant mode in the plane 
parallel g = 1 cavity ,is shown in figure 7.1, The superiority 
of the Zernike Circle polynomial expansion is self evident from 
this figure,the method requiring considerably less effort to
calculate the mode structure of the general cavity. The effort
43 . . 3required according to McCumber being proportional to P and
51 2.9Sanderson P •
The num erical values obtained for these cavities by the
Zernike Circle polynomial method agree with those of Blok^^,
47 .29 . 15McCumber , Li and Kogelnik . However, one of the quadratic
cavities g • 0,2, not previously investigated, gave a surprising
result. Although this quadratic cavity geometry was the nearest
to the confocal geometry it was found that its transverse mode
selectivity was not necessarily greater than another quadratic
cavity g = 0.5. This result was contrary to the usual assumption
that the transverse mode selectivity of the quadratic cavities
increase as they approach the confocal geometry. The very high
convergence of the Zernike Circle polynomial series allowed very
accurate results to be obtained with very little effort. This
accuracy exposed some of the fine detail of the diffraction loss
and transit phase,associated with the modes in the quadratic
cavities. It was found that the plots of these quantities,
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29against the rtesnel number in Li , were not as smooth as they 
appeared but had very shallow ripples on them.
7.3 Quadratic Cavities Containing Phase Plates
The quadratic and confocal cavities were modified by the in­
sertion of dielectric layers, or phase plates, partially covering 
the surface of the mirrors but the circular symmetry of the cavity 
was preserved. This modification, which increased the separation 
of the mirrors at their outside edges, was equivalent to mirrors 
with stepped cross-sections.
The mode structure of these resonators were analysed by the 
Zernike Circle polynomial method for cavities with Fresnel numbers 
N <8o The optical thickness of the phase plates were a quarter 
of a wavelength, and were assumed to be perfectly transparent.
The cavities analysed were symmetric about their centres, the mode 
structures of many cavities unsymmetric about their centres finding 
an equivalent geometry in this range.
Equivalent relationships were derived, for the quadratic 
cavities containing phase plates, from the general cavity re­
lationships. It was found that the equivalent relationships of 
Gordon^^, extensively used for practical quadratic cavities, could 
be simply modified to include phase plates. The phase plate was
defined by the quantity called the Fresnel number of the plates 
which was proportional to the area of the mirrors not covered by 
the dielectric layers.
It was shoxm. that the effect of phase plates on the mode 
structures of all the quadratic cavities were very similar. As
— 26 2 —
the phase plates were introduced into the cavity and the area of 
the mirrors covered by them increased, i.e. decreased, the dif­
fraction losses and resonant conditions of the modes passed 
through four basic sequencies or regions. These four loss regions 
although present for all the quadratic cavities were most strongly 
exhibited by the geometries nearest to the confocal.
The first loss region was characterised by increasing dif­
fraction losses of the modes, as N„ decreased, while their resonant 
conditions remained unchanged. The rate of increase of these 
losses \<ras greater than that experienced by aperturing the mirrors. 
The first loss region, for the dominant Tooq mode, occupied the 
greatest portion of the loss curves, while the diffraction losses 
of the modes reached extremely high values, before the first loss 
region came to an end, being almost 100% for the confocal cavity.
Increasing the area of the mirrors covered by the phase plates, 
caused the modes to enter the second loss region which was 
characterised by very high diffraction losses and steadily chang­
ing resonant conditions. The behaviour of the modes in this region 
were similar to their behaviour in unstable geometries. In the 
third loss region the modes became completely degenerate in their 
diffraction losses and it became impossible to distinguish between 
them, Tfhen the modes emerged from the third loss region,and 
entered the fourth,it was found that their resonance condition had 
changed considerably, but then remained constant throughout the 
fourth loss region. The diffraction losses of the modes dropped 
rapidly until, when the phase plates covered the mirror surfaces 
completely, the losses returned to their original values, while
265-
Figure(7 *1)* Comparison of the numerical and Zernike circle 
expansion solutions.
Confocal cavity, g»0 ,Fresnel number T^oq mode
Method of solution of 
the integral equation.
Order of the matrix 
equation to obtain the same 
accuracy,! in 10  ^ in S ,
Trapezoidal rule 25;t25
Simpson rule 15X 15
Gaussian quadrature 8x  8
Zernike 5X 5
Plane parallel cavity,g^l, Fresnel number U—8 , TQoq mode*
Method of solution of 
the integral equation.
Order of the matrix 
equation to obtain the same 
accuracy, 1 in 10 ,^ in j .
Gaussian quadrature 10X 10
Zernike 5 X 5
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the resonant condition of the modes were simply changed by the 
extra half wavelength path created by the phase plates.
It was seen that the diffraction losses of the most dominant 
modes lost their dependence on the Fresnel number of the cavity, 
as this became large, but depended strongly on the value of 
This behaviour was most readily exhibited by the geometries nearest 
to the confocal. This effect was attributed to the fact that 
for these cavities, without phase plates, the dominant modal fields 
were unperturbed by the finite mirror apertures and therefore would 
not change if W was increased. Therefore the phase plates, when 
introduced into the cavity, "see" the same modal fields.
The transverse mode selectivity of the quadratic cavities were 
increased by the insertion of the phase plates, the increase being 
greatest for the cavity geometries nearest to the confocal. The 
increase in the transverse mode selectivity of the confocal cavity 
was particularly significant due to the very high selectivity al­
ready possessed by this structure. Using the examples of single mode 
operation given by Kogelnik and Fox, where the fractional dif­
fraction power loss per cavity transit of the dominant Tooq mode 
was 1,5%, a comparison in figure 7.2 of the transverse mode 
selectivities of the quadratic cavities with and without phase 
plates are tabulated, for this operating condition. It can be seen 
from this figure that the phase plates produce a substantial in­
crease in the mode selectivity of these structures, this property 
being of practical importance to increase the output power of a 
laser operating in a single mode.
Phase plates of other thicknesses and transparencies were 
analysed for their effect on the mode structure of the confocal
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cavity , while it was assumed that their effect on quadratic 
cavities in the range g ^ 0.5 wiould be similar. It was sliown 
that phase plate optical thicknesses in the range 0 ^  z ^  —  
need only be considered , other thicknesses finding an. 
equivalence in this range. As the thickness decreased from 
the four loss regions gradually merged into one , while the 
increase in the diffraction losses cause by the plates decreased. 
At a particular value of when N « 1.2 x 27t, the diffraction 
losses of the dominant mode could be changed by four orders of 
magnitude sinply by changing the phase plate thickness. More­
over if the value of occurred in the first loss region this 
variation in diffraction losses could be achieved without chang­
ing the resonant condition of the mode. This may lead to another 
practical application of the phase plates as the thickness of the 
phase plate, or the stop in the mirror cross-sections, may easily 
be varied electronically* The cavity output may therefore be 
Q switched or amplitude modulated without changing the resonant 
frequency of the dominant mode.
As the transparency of the phase plates decreased the loss 
curves were gradually transformed into those for the mirrors 
apertured by perfectly absorbing irises. Therefore, once again 
the four loss regions merged into one with the characteristics of 
the first loss region , thile the increased transverse mode 
selectivity produced by the phase plates gradually disappeared.
The phase plates produced a considerably change in the mode 
structures of the quadratic cavities , therefore the phase plates 
may be usefully applied when this property is required,such as in
— 266 —
transverse mode locking applications, Auston'",
A X-band microwave experiment was performed to confirm the 
effects of quarter wave phase plates in the confocal cavity.
Due to the quality of the mirrors it did not prove possible to 
confirm all the properties of this structure. However, the ex­
perimental results did illustrate the characteristics of the 
first loss region for the dominant mode , namely that the re­
sonant condition of this mode was unchanged while the diffraction 
losses increased steadily with decreasing phase plate aperture. 
Also that the diffraction losses of the dominant mode in cavity 
geometries near to the confocal have the same values at the high 
loss end of the first loss region.
-267-
REFERENCES
1. R.H. Dicke, U.S. Patent 2851-652, (September 1958),
2. A.M. Prokhorov, Soviet Phys. JETP, Vol. 7, p. 1140, (1958).
3. A.L. Schawlow and C.H. Townes, Phys. Rev., Vol. 29, p. 1940, (1958).
4. A.G. Fox and Tingye Li, Bell Systems Tech. J., Vol. 40, p. 453,(1961).
5. M. Hercher, Applied Optics, Vol. 7, p. 951, (1961).
6. W.V. Smith and P.P. Sorokin, "The Laser", McGraw-Hill, (1966).
7. G. Goubau and F. Schwering, IRE Trans. Antennas Propagation,Vol. 9, p. 248, (1961).
8. H, Kogelnik and T. Li, Applied Optics, Vol. 5, p. 1550, (1966).
9. J.R. Pierce, "Theory and Design of Electron Beams", Van Nostrand,New York, p. 194, (1954).
10. G.D. Boyd and H. Kogelnik, Bell Systems Tech. J., Vol. 41, p. 1347,(1962).
11. A.E, Siegraan, Proc. IEEE, Vol. 53, p. 277, (1965).
12. C.A. Bridges and S. Combleet, U.K.S.I. Symposium on Elect .WavesItaly (1968). ’
13. W.K. Kahn, Electronics Letters, Vol. 2, p. 326, (1966),
14. W.K, Kahn, Applied Optics, Vol. 5, p. 407, (1966),
15. H. Kogelnik, Applied Optics, Vol. 4, p. 1562 (1965).
16. S.A, Collins, Applied Optics, Vol. 3, p. 1263 (1964).
17. L.A. Vainshtein, Soviet Phys., JETP, Vol. 17, p. 709, (1963),
18. A.T. Fialkovskii, Soviet Phys. Tech. Phys., Vol. 11, p. 807, (1966).
19. G. Toraldo Di Francia, "Symposium on Optical Masers", PolytechnicInst. Brooklyn (New York), p. 53, (1963),
20. M, Born and E. Wolf, "Principles of Optics", Pergamon Press, 2ndEdition, (1964).
- 268-
21. W.A. Specht, J. Appl, Phys., Vol. 36, p. 1306, (1965),
22. G, Seifert, Applied Optics, Vol. 7, p. 337, (1968).
23. H. Kogelnik, "Lasers", New York, Dekker, (1966).
24. G, Goubau and J.R. Christian, IEEE Trans. Microwave Theory and
Techs., Vol. 12, p. 212, (1964).
25. G. Goubau and J.R. Christian, Proc. IEEE, Vol. 52, p. 1739, (1964),
26. P. Kaiser, Bell Systems Tech. J., Vol. 47, p. 761, (1968),
27. J.R. Christian, G, Goubau and J.W. Mink, IEEE Journal of Quantum
Electronics, Vol. 3, p. 498, (1967).
28. N, Kumagai, M. Matsuhara and H. Mori, IEEE Journal of QuantumElectronics, Vol. 1, p. 85, (1965).
29. Tingye Li, Bell Systems Tech. J. Vol. 44, p. 917, (1965),
30. Jc M. Burch, J. Opt. Soc. Am., Vol. 52, p. 602, (1962).Quantum Electronics III, Vol. 2, New York, Columbia Univ. Press., p. 1187, (1964).
31. A.G. Fox and T. Li, IEEE Journal of Quantum Electronics, Vol. 2, p. 774, (1966).
32. A, Lo Bloom, "Gas Lasers", J. Wiley and Sons, p. 82, (1968),
33. N, Chako, McGill Symposium on Microwave Optics Part I, p. 75, (1959)
34. Do Slepian, Bell Systems Tech. J., Vol. 43, p. 3009, (1964).
35. J.C. Heurtley, "Proceedings of the Symposium on Quasi-Optics", Polytechnic Press, New York, (1964).
36. J.B. Beyer and E.H. Scheibe, IRE Trans. Antennas Propagation,
Vol. 10, p. 349, (1962),
37. W.G. Bickley, British Ass, Math. Tables, Vol. 10, Part II, Univ.Press Cambridge, (1953).
38. A. Erdelyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, "Tables
of Integral Transforms", Vol. II, p. 5, McGraw-Hill, (1954).
39. F.B, Hildebrand, "Methods of Applied Mathematics", 2nd Edition,
Prentice-Hall Inc. (1965).
40. D.R. Myrick, J. SIAM. Appl. Math., Vol. 14, p. 476, (1966).
—  269"
41. B, Wijboer, Physica, Vol. 13, p. 605, (1947).
42. S. Gornbleet, Symp. Electromagnetic Theory and Antennas,Copenhagen, p. 157, (1962). Symp. Quasi-Optics, Polytechnic Inst, of Brooklyn, p. 487, (1964).
43. D.E. McCumber, Bell Systems Tech. J., Vol. 44, p. 333, (1965),
44. A. Ralston and W.S. Wilf, "Mathematical Methods for Digital
Computers". J. Wiley and Sons, New York, (1967).
45. S.P. Morgan, IEEE Trans, on Microwave Theory and Tech., Vol. 11,
p. 191, (1963).
46. S.H. Moss, IEEE Trans, on Antennas and Propagation, Vol. 12, p. 777,
(1964).
47. J.C. Heurtley and W. Streifer, J, Optical Soc. of America, Vol. 55,
p. 1472, (1965).
48. W, Streifer and H. Gamo, Symp. on Quasi-Optics, Polytechnic In­
stitute of Brooklyn, (1964).
49. E, Schmidt, Math. Ann. , Vol. 13, p. 433, (1907).
50. E, Bodewig, "Matrix Calculus", 2nd Edition, North Holland Pub* Co.,Amsterdam, p. 292, (1959).
51. R.L. Sanderson and W. Streifer, Applied Optics, Vol. 8, p. 131,(1969).
52. P.J. Eberlein, J. Soc. Ind. Appl. Math., Vol. 10, p. 74, (1962),P.J. Eberlein and J, Boothroyd, Numerisch, Math., Vol. 11, 
p. 1, (1968).
53. M. Abramowitz and I.A. Stegun, "Handbook of Mathematical Functions",Dover Publications, p. 771, (1965).
54. G.D. Boyd and J.P. Gordon, Bell Systems Tech. J., Vol. 40, p. 489,(1961).
55. J. Kotik and M.C. Newstein, J, Appl. Phys., Vol. 32, p. 178,(1961).W. Culshaw, IRE Trans, Microwave Theory Tech., Vol. 10, p. 331, (1962). S.R. Barone, J. Appl. Phys,, Vol. 34, p. 831,(1963). L. Bergstein and H, Schachter, J. Opt. Soc. Am.,
Vol. 54, p. 887, (1964).
56. J.A. Cochran, Bell Systems Tech. J,, Vol. 44, p. 77, (1965).
57. A.G. Fox and T. Li, Proc. IEEE, Vol. 51, p. 80, (1963).
- 270"
58* O.R, Wood and S.E, Schwarz, Appl. Physics. Let., Vol. 11, p. 88, (1967).
59. L. Casperson and A. Yariv, Appl. Phys. Let., Vol. 12, p. 355, (1968).
60. T. Li and P.M. Smith, Proc. IEEE, Vol. 53, p. 399, (1965).
61. WcM, Macek, R.E. McClure and C.C, Wang, "Modern Optics Symposium",Polytechnic Institute of Brooklyn, New Yoric,(1967).
62. V.S. Averbach, S.N. Vlasov and V.I. Talanov, Elect, Mag., Wave
Theory. Proc. Delft. Symp., Vol. 1, p. 445, (1967).
63. S.A, Collins and G.R. White, "Quantum Electronics III", ColumbiaUniv. Press, New York, p. 1187, (1964).
64. J.A. Giordmaine and W. Kaiser, J. Appl. Phys., Vol. 35, p. 3446,(1964).
65. L.G, DeShazer and E.A. Maunders, Applied Optics, Vol. 6, p. 431,
(1967).
66. V.S. Averbach, S.N. Vlasov and V.I. Talanov, Radiotechnika iElektronika, Vol. 11, p. 943, (1966).
67. J.P, Gordon and H. Kogelnik, Bell Systems Tech, J., Vol. 43, p. 2873,
(1964).
68. H. Blok, Alta Freqenza, Vol. XXXVIII, p. 305, (1969).
69. P. P. Checcacci and A.M. Scheggi, Ü.R.S.I. Symposium on Elect,Waves, Italy, (1968).
70. J.B. Beyer and E.H. Scheibe, IRE Trans. Microwave Theory Tech.,Vol. 11, p. 18, (1963).
71. R.S, Longhurst, "Geometrical and Physical Optics", LongmansGreen and Co. Ltd., p. 153, (1964),
72. J.A. Stratton, "Electromagnetic Theory", McGraw-Hill, p. 507,(1941).
73. E.L. Ginzton, "Microwave Measurements", McGraw-Hill, (1957).
74. R.V. Pound, Proc. IRE, Vol. 35, p. 1405, (1947),
75. D.E. Foster and S.W. Seeley, Proc, IRE, Vol. 25, p. 298, (1937).
76. L.G. Sodin, Radio Eng., Vol. 14, p. 7, (1958).
-271-
77* J.K, Chamberlain, Electronic Eng., Vol.38, p. 579, (1966),
78. A.T, Starr, "Radio and Radar Techniques”, Pitman and Sons.,p. 536, (1953).
79. P.P. Checcacci and A.M. Scheggi, Applied Optics, Vol. 4, p. 1529,(1965).
80. D.H. Auston, IEEE J. Quantum Electronics, Vol. 4, p. 420, (1968),
-272-
ACKNOWLEDGMENTS
The author would like to express his thanks to Mr, S, 
Gornbleet for his guidance throughout the course of this work; 
the Science Research Council and the University of Surrey for 
financial support ; those members of the technical and com­
puter staff at the University of Surrey, who have given their 
assistance at various stages of the work.
The author would like to thank his wife, Barbara, for 
patient understanding and encouragement. Finally, the author 
is indebted to his mother and father, without whose sacrifice 
and guidance this work would not have been possible.
